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Abstract

Posterior means can be expressed as the ratio of integrals, which is called fully expo-
nential form. To approximate the posterior means analytically, Laplace’s method might

be useful. In this article, we present explicit error terms of order n~!, and of order n=2 in

the Laplace approximations with asymptotic modes. Moreover, we give second-order er-
ror terms in fully exponential Laplace approximations to posterior means with asymptotic

modes, which are proposed by Miyata (2004).

1. Introduction

Laplace’s method for the asymptotic evaluation of integrals (Laplace, 1847) is a simple and
useful technique. This method has been applied frequently in statistical theory by many authors
(Mosteller and Wallace 1964; Lindley 1980; Tierney and Kadane 1986). © = O x---x 0, C R?
is an open parameter space of § = (01, ...,04)7, where T denotes the transpose of a matrix.
Suppose that (€2,.4) is a measurable space, P = {Fy : § € O} is a family of probability
distributions on (€2,.4), and {X; : ¢ = 1,2,...} is a stochastic process on (2,.4) with X;’s
taking values in (X, B) where X is a subset of R, and B is the class of Borel subsets of X. We
will assume that for all n, the distributions of X = (Xj,...,X,) are dominated by a o-finite
measure, and we will denote a density of X under Py by p,(x/6). Note that x = (x1,Xa, ..., X,,, ...)
is the observed sequence and p,(x|@) depends on the first n observation X = (xy,...,X,). Let
0o be a true parameter, and let "a.e. Pp,” be abbreviated to ”a.e.” or omitted. Let g* (@) be
a smooth and strictly positive function. The purpose of this article is to give first-order and

second-order error terms in the fully exponential Laplace approximation to the posterior mean

o Joo O (x0)x(0)d0
Ho Ol = o0

where © is an open subset of RY, p,(x|6) is the likelihood, and 7 is a prior. Although © also

(1.1)

denotes a random vector with a posterior distribution, we can see from the context which ©

indicates. For convenience, the integrals in (1.1) are reexpressed as

Jo exp{—nh(0)}df
Jo exp{—nh,(0)}db’

where h*(0) = —n"'log[g™(0)p,(x|0)7 ()] and h,(8) = —n~'log[p,(x|0)7(0)].

Elg*(©)] = (1.2)
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Section 2 sketches out the concept of asymptotic modes, and describes the Laplace approxima-

tions with asymptotic modes. In particular, the first-order and second-order errors are given in

2

an explicit form. In Section 3, we give the explicit error terms of order n™= in a fully exponential

Laplace approximation to a posterior mean of g*.

2. Asymptotic modes and Laplace’s approximations

This section introduces the Laplace method for an integral of the form f® e " ®)df with an

asymptotic mode of —h,,(6). For convenience of exposition, we write

0° B _d .
%;Tagmwﬁdm%w% Z;ZE}HED

and the first and second derivatives are represented by

0 0 0

Dlhn(a) = %hnw) - (8_01hn(0)> T aa_edhnw))T
5 ga.aa 1m0 e ()
2 _ _ . . .
D*h,(6) = 55 0) n -
go,05, 1 (0) - 5o aahn(0)

We say that 6 is an asymptotic mode of —h,, if 6 converges to the exact mode of —h,, (@) as the
sample size n tends to infinity. The exact mode of —h,(6) is denoted by 65x. Note that since
9EX satisfies Dlhn(éEX) = 0, it is also taken as an asymptotic mode for —h,. Additionally,
the following asymptotic modes are defined.

Definition 1 6 is an asymptotic mode of order n™ for —h, if ||§ — 0gx|| — 0 a.c., and

~

D'h,(0) = O(n™') ae.

Remark 1. Let h,(0) = —n~'log[p,(x|8)7(8)]. The maximum likelihood estimator 8, for
pn(x]0) is an asymptotic mode of order n~! for —h, because D h,(0y1) = —n ‘7 (0r) =
O(n™Y), and @), converges to the exact mode of —h,(8), as n tends to infinity under suitable

conditions. For the convergence of 6 ML, see Heyde and Johnstone (1979).

Definition 2 6 is an asymptotic mode of order n=2 for —h, if ||§ — Ogx|| — 0 a.c., and

D'h,(6) = O(n™2) a.e.

Remark 2. Let 6, be the maximum likelihood estimator for p(x|@), and let

h,(0) = —n~'log[p(x|@)7(#)]. Then, it follows from the same argument as in the proof of
Theorem 3 of Miyata (2004) that 9;@ =0y, — D%, (0171)] " D 1y (B1011) satisfies Dlhn(é*ML) =
O(n?).

Subsequently, we introduce the regularity conditions (A1), (A2), (A3), (A4) and (A5) for which

the asymptotic expansions for [, e ""@df will be valid. Let ||a|| = (a”a)'/? for any vector
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a, | - | denote the determinant of a matrix. We use B;s(#) to denote the open ball of radius &
centered at 6, namely B;(0) = {# € © : ||§ — 8|| < 6}. Let {6} = {6 : n = 1,2,...} be the
sequence of asymptotic modes.

We list the following assumptions for ({%,(8)},{8}):

(A1) {h,(0) : n=1,2,...} is a sequence of eight times continuously differentiable real functions
on 6.

There exists positive numbers €, M, ( and an integer ngy such that for the asymptotic mode 9,
n > ng implies

(A2) the integral f® —nha©) 4@ is finite;

(A3) for all @ € B (0) and all 1 < jq,...,J;m < dwithm =1,...,8,

[l (9)H < M and ||0"h,,(0)/0;, - -- 96;, || < M;

(A4) D2h,(0) is positive definite and |D2h,(8)] > ¢;

(A5) for all § for which 0 < § < ¢, Bs() C © and

InD?h, (8)|Y2C,(8)"! /e g @)~ @)} = O,

where C,(8) = exp (gDlh(é)T[DQh(é)]’lDlh(éD. The pair ({h,},{8}) will be said to satisfy
the analytical assumptions for the asymptotic-mode Laplace method if (A1), (A2), (A3), (A4)
and (A5) are satisfied for the asymptotic mode 9.

Our conditions (A1)—(A5) are analogous to those of Kass, Tierney and Kadane (1990) except
6 is an asymptotic mode. If 6 is an asymptotic mode of order n~!, fe—Bé(é) exp{—nlh,(8) —
ha(0)]}d = O(n=3-%2) holds under (A5). Hence (A5) means that the probability outside a
neighborhood of the 6 converges to zero as the sample size n tends to infinity. Let hjl Jm
denote the mth partial derivative 0™h,,(0)/00;; - - - 08, with respect to § evaluated at 9, for
example, hy1o means 03h,, (0)/06206,. Let h' be the components of [D2h(0)]™! and b = (b;) =
—[D2h,,(8)]*D'h,(8). We define the sixth, eighth, tenth, and twelfth central moments of
a multivariate normal distribution having covariance matrix [nDQh(é)]_1 as Lijkqrss Mijkgrstu,

Hijkqrstuvw and Higkqrstuvwzy reSpeCtlvely-

Theorem 3. Suppose that & is an asymptotic mode of order n~! for —h, and the pair
({hn(a)}, {a}) satisfies analytical assumptions for the asymptotic-mode Laplace method. Then

it follows that for large n,

/ e~ (0) g — (27T)d/2|2|1/26_nhn(d)0 ( )(1 + ﬁ + @ + O( )) (2.1)
(S

where C, (&) = exp (nghn(&)T[Dzhn(&)]_lDlhn(&));



== Z hiji (@) (nb; ) h/* — = Z R jkq (G) B BR

mk zgkq
E 3
+ - hwk qrs ),uijqusn )
z]kq?‘s

Mo = _%3 S hijebibsb — "Zz S higeghbiby + 7;—; > Bighgrabibjttigrs
+ " Z Pijihgrsbibettinrs — ;Li Z Rijkqrbittjkgr
720 Z hijnarsitighars + Z hijkharsibitikgrsi (2.2)
+ % Z hijihgrstbgttijrrst + T52 Z Pijghrstutbijigrstu

n* n’
+ % Z hijkhqrstu,u/ijqustu - m Z hijkhqrsh‘tuvbi,ujqustuy

ijk hqrs htuvw,uijqustuvw

© 1728

ijk hqrs htuv hwxy,uijqustuvw:r}y )

* 31104

Y = [nD*h(a)] ™t = (n A7), and fikqrs ave the sixth central moments of a multivariate Normal

distribution having covariance matrix ..
Note that Ay, and Ay, are of order O(1). The proof is given in Appendix C.

Theorem 4. Suppose that @ is an asymptotic mode of order n=2 for —h,, and the pair ({h,,(8)},{8})
satisfies analytical assumptions for the asymptotic-mode Laplace method. Then it follows that

for large n,

/ e ) qp = (27r)d/2|2|1/Qe—”h"(9>cn(é)( + aﬂ + aﬂ +0(n~ )) (2.3)
S

~ n ~ ~ ~
where C’n(e):ea:p<§D1hn(0) [D2h,,(6)] "' D'h (0)),

1 P
a1, = —g Z hzgkqh]h q + 5 Z hijkhqrs,uijkq'r'&

ijkq ijqus

1 .
Aoy = —5 Z hwk(n%,)hjk 720 Z hz]qus,uz]qus

ijk
n? nA
+ 1152 Z hz’jkthstuﬂijqustu + ﬁo Z hijkhqrstuﬂijqustu

ijk hqrs htuvw Hijkqrstuvw

1728

31104 Z hijkhqm htuv hmyz Hijkqgrstuvwzy

and ¥ = [nD2h(0)] ' = (n~'hi).



a1y, and asg, are of order O(1), and the proof is given in Appendix C.

Remark 5. O(n™?) includes h;, ..., hijrgrst, B, by,

—n 1
_‘ N 6(13]?(——(0 - y)Tzfl(o - Y)) hijqustu(71)Zizjzkzqzrzsztzud07
8! Jbs) 2

/ eap{—n[h,(8) — h,(0)]}d6
©-B;(0)

and / (616 + b, 0D, ()] ) R (1 (8.8)) dB.
Bs(0)

where v1 is a point between 6 and 9,

~ 1 1 1
kn(0,0) = —71(6 Z hijrzizjzi + -+ ) Z Pijkgrstzi -+ - 2 + 3l Z Rijkgrstu(V2)2i - - - Zu)

ijk " ijkqrst ijkqrstu
Yo 18 a point between @ and 6

Fn(6,6)° / 1(1 — N exp{ Ak, (0,0)}d\.

R5n(kn(979)) = 41

3. Main results

This section mainly gives the explicit error terms of order n=2 in the fully exponential Laplace

approximations to posterior means. Let b* = (bf) = —[D2h%(6)] "' D*h (8)

Theorem 6. Let  be an asymptotic mode of order n~2 for —h,,(8), and 8y is a single New-
ton step from @ toward the maximum of —h*(6), ie., Oy = 6 — [D2h%(0)]"'D'hx(9). 1f
pairs ({1, (0)}, {8}) and ({h:(0)}, {0 }) satisfy analytical assumptions for the asymptotic-mode
Laplace method, Then

A

_ (1D*ha(0)] ' CoB) explnh @) (|, en 0 s
Ela®)) = (|D2h;§(9]\r)|) Cn(é) exp[—nh(é)] (1 " n? ol ))7 (3.1)

where C*(0x) = exp{(n/2) D'h:,(0x)T[D2h: (Bx)] D A (Bx)} and
n? *7 ik n’ ik 1 ij 1 kap Bgplm
Cp = —? Z hijkbih + ? Z hijkbih + é_l Z hijkthaﬁh U N
1 g 1 y 1 y
4 Z hijkgh? B** WG o5 — 8 Z hijrgh” KR Gy + ) Z W R Gieg
1 1
+ % Z haijkhqrshaﬂ [ngluijquS]G,@ - % Z thS [nsuijquS]Gijk

Z hijkhqrshlaﬁhjkhmhmhﬁthme T é Z hijkhqrshjkhmhmhﬂanﬁ
ijkqrsaflm ijkqrsa3

Z hijk:hqrshlaﬂhﬂhkshmhﬁthme + Z Z hijkhqrsh]rhkshmhﬁanﬁ
ijkqrsafBlm ijkgrsaf

Z hijkht;(rs hlaﬁhkths pic B hlme + Z Z hijk thsthhTs i B Gaﬁ-

ijkqrsaBlm ijkqrsas

== = o



Note that ¢, is of order O(1). The first term in the right side of ¢, is reexpressed as
2
: 1 g
—% D higbih? = 2 D7 hihiash W TR G G+ O(n7Y). (3.2)
ijklmrag
If @ is replaced with the exact mode Ozx of —h,(8) in (3.1), then it follows that

~ (1D?h(05x)I\ Y . eapl—nh(By)]
N G I et

1+ ] + O(n—3)), (3.3)

n2

where ¢, is ¢, with the term (n?/2) Y hijb;h/* being 0. Furthermore, the approximation with
9N with the exact mode of —h} is equivalent to the Tierney-Kadane approximation. As a
generalized form, the following result holds.

Theorem 7. Suppose that 6 and 9 are asymptotic modes of order n=2 for —h,,(#) and —h*(8)
respectively. Then

_ (ID*h(8)|\"? C(8) exp[—nh*(8)] L
E[g@)]_(w%;(éﬂ) C(8) expl—nh(@)] (HO(n >)' (34

Appendix A: Lemmas concerning matrices

This section prepares some lemmas concerning matrices to prove the main results.

Lemma 8. Suppose that a is a 1 x d matrix, M is a d X d symmetric matrix. Then,
. . . 1
a’@—0)+0—-0)"M@O—-6)=0—-y) MO —-y) - ZaTM_la,

where y =0 — (1/2)Ma.

Proof.
R Y IEPRYs 5 Larot Lo
(0—0—|—§M a) M(0—0—|—§M a)—za M~ a
=0 —-6)"M(@6 - 0)+ %aTMlM(G —0)+ (0 — 9)TM%M1a + %aTMIM%Mla
— 1aTM_la
4

—a’@—0)+ (60— M@ —0).

Lemma 9. Let I; be a d x d unit matrix. For any d x d matrix A and any scalar x,

d
A oLy =) o Y Al (A1)
r=0 i

where | - | denotes the determinant of a matrix, {iy,...,7.} is an r-dimensional subset of the

first d positive integers 1,...,d (and the second summation is over all (f) such subsets), and

.....

that the expression (A.1) is a polynomial in z, the coefficient of 2° (i.e., the constant term of
the polynomial) equals |A|, and the coefficient of 2%~ equals tr(A).
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Proof. See Harville (1997; corollary 13.7.4, p.197).

Lemma 10. For d x d nonsingular matrices A and B,

d (\A—(t/n)B|)

1
= ——tr(BA™).
dt IN r( )

t=0 n

Proof. Using Lemma 8 and the relation between an inverse matrix and the cofactors, we have

(e

t=0

d t
=— (|BA7'|[AB™' — -1
i (Baian - 1)

t=0

_d IBA7!| ||AB™!| - t Z (AB~Y){i}| 4 ﬁ{—l— - (=)
dt n { } n2 nd
1 1

I AB- Yt}
e (A
i1

1
= ——tr(AB™)™!
b )

1
= —tr(BA™),

n

t=0

where € = 37, o [(AB Y02 and {i1} and {i1, 45} are the same notations as in Lemma 8.

Hence this lemma is proved.
Lemma 11. For d X d nonsingular matrices A and B and any scalar x, it follows that
(A+2B)"'— A~ =0O(x). (A.2)
Proof. Multiplying (A + 2B)~'(A + 2B) = I; by A~! from the right side yields
(A+2B)"' - A= —z(A+2B)"'BA™". (A.3)
Hence the lemma is proved.

Lemma 12. For d x d nonsingular matrices A and B,

1
—(A--B)'| =-A"'BA.
dt( n ) t=0 N
Proof: Using (A.3),
(A—(t/n)B)"" — A7
t

- %(A - %B)lBAl. (A4)

Hence, letting t — 0 yields the lemma.



Appendix B: Some lemmas

This section presents some lemmas required in the evaluation of the asymptotic errors in Sec-
tions 2 and 3.

Lemma 13. Let n denote a sample size, and let z; = ©; — ;. Suppose that © = (©1,...,09)T
is according to Ny(0 + b, X), where 8 = (6, ...,0,)7, b = (by, ...,b))” = O(n™1), and © = (i)

is the covariance matrix with p;; = O(n™!). Then we have the following results.

~

(a) E[(©; — 0,)(0; — 0,)(O — 0,)] = bijuj + bjtir, + brpiij + bibjby
~ ~ ——

O(n=2) O(n=3)

(b) E[(©: = 0,)(8; — 0,)(O — 01:)(O — 0,)] = pjiung + Hikia + Hiallhy + > b bmsbmgm,
O(n~2) mmals o3

+bib;byb,,

where [my, msy]4 indicates ways of a pair chosen among four alphabets i, j, k, and ¢q. Hence the

summation > .o is over (5)-
(C) E[ZZ'ZjZquZT] - E bm1:um2m3m4m5 + E bl1 blzblslvbl4l5 +bibjbkbqb7“7
———— ~—
[ma]s O(n-3) [11,02,3]5 O(n—1)

where [m4]5 indicates ways of one chosen among five alphabets i, j, k, ¢, and r, and [ly, l3, l5]5
indicates ways of a triple chosen among i, j, k, ¢, and r. The notations [l1, s, I3, l4]s, [m1, ms],

etc below are also defined similarly.

(d) E[Zizjzkzqzrzs] = Wijkqrs + Z ?mlbmgﬂmgmzlmsmgj
N—— ~

O(n_g) [m17m2]6 O(n—4)
+ E bllblgblgbl4/'l’l5lg +bibjbkbqbrbs
N———
[l1,l2,l3,l4]6 O(n—5)

(e) E[ZiZjZquZTZSZt] = Z ?mlﬂm2m3m4m5m6m7j

[m1]7 O(n—4)
+ > bububiiis + Y baybuabuybo,bus fingn, + bibibibebrbsby
[l1,l2,13]7 [n1,n2,n3,n4,n5]7

(f) Elzizjzuzq2r2s2t2u) = ijhqrstu +0(n™?)
——

(.

'

8 O(n—%)

(2) E[Zizjzkzqzrzsztzuzg] = Z ?mlﬂmzm3m4msm6m7msmgj +O(n_6)
9 [malo O(n-3)
(h) E[\zizjzkzqzrzsztzuzvz%] = yijkqmwwﬁ—O(n_ﬁ)

g

10 O(n=5)

(1) E[;Z’Z‘ZjZquZTZSZtZuZUZwZ$Z%] = yijqustuvwxy +O(n77)
Vv

12 O(n—")




Proof of (a). Putting u; = ©; — (6; +b;), E[u;] = 0, and Elu;u;] = p;;. By using the binomial

theorem and the result in which odd moments of u; are 0, we have

(©: — 6:)(©; — 0;)(Ox — 6)]

= E|(6; — (B; +b;) + ;) (©; — (0 +b;) +b;) (O — (O + by,) + by)
= Elusujug] + b Elujug| + b Elujug] + be Eu;u;]

= biptj + bjptin + b prij + bibjby.

Proof of (b).

~ ~

E[(0: — 6:)(8; — 6,)(61 — 61)(0, — 0,)]

[(@z‘ — (éz +b;) + bi) (@j — (ég +b;) + bj) (@kz — (ék + by) + bk) (@q - (éq +bg) + bq)

FE

El(u; + b;)(uj + b;) (ug + bi) (ug + )]

E[Uiujukuq] + Z by B[y Usy Ui, ] + Z by by B (U Ui, |
— ———

[m1]a 0 [m1,ma2]a

+ > bubmybmg Elum,] +bibibrb,

[m1,ma2,ms]4 0

= Hijkq + Z Dy Oimy B (U iy | + ib;b1Dg.

[m1,m2]4

Proof of (c).

Elziz;z120%r)

= B[(0: = (0 + i) +0)(0; = (0 +b;) + b)) -+ (Or = (0 +br) + br)]
= E[(u; + b;)(uj + bj) (ug, + by) (ug + by) (u, + by)]

= Pijkgr T Z Oy B[ Uy g Uiy U | + Z by Ormy B[y U U |

0 [m1]s [m1,m2]s 0

+ Y bubmobiny Byt + Y by by b b, Elttng ] + bibbrdyb,

[m1,m2,m3]5 [m1,m2,m3,m4]s

- Z bm1Mm2m3m4m5 + Z bml bm2bm31um4m5 + blb]bkbqbr

[m1]s [m1,ma2,m3]5



Proof of (d).

Elzizj2k2q%r %)
= E[(u; + b;)(uj + bj) (ug, + b)) (ug + by) (ur + b)) (us + bs)]
= Wijkqrs + Z bm1 E[qu Uz Umy Ums umgl

[ma]e 0

+ Z by g B [ty U U U] + Z by g b B [ty Ui U

[m1,ma2]e [m1,m2,m3]e

+ Z by b b by B [t U | + Z brny b b Brn Orn [t

[m1,m2,m3,male [m1,m2,m3,ma4,ms]6

+ bib;bibgb,bs.

Similarly, (e)—(h) can be proved.

Let G() = logg™(0) and let G, j,, denote the mth partial derivatives 0™G(8)/00;,...0;,.
evaluated at @ = 6. For example, Gor3 = 03G(6)/00,00,00. For simplicity, we let h* = h* and
hy, = h.

Lemma 14. Let @ be an asymptotic mode of order n~2 for —h(8), and let h*(0) = h(6) —
(1/n)G(0). Suppose that h*(@) and h(f) are five times continuously differentiable sequences
on ©, G(0) is four times continuously differentiable, and [D2h(8)]~" exists. Then the following
results hold:
. R 1~ 1 . . R
(a) h*(Oy) — h(0) = —EG(G) + EDlh(G)T[DQh(O)]*lDlG(H) +0(n?)

O(;zr*3)

(¢) hi;(B) — hiy(8) = ~D'hyy(6)"[D*h(6)] ' D' G(8) — %sz 6) +0(n?)

1 1
= =3 hagh®®G — — Gy + O(n™
2 a7y = 3 Gy + O™

. 1 ; A O -
(@) hij3(Ox) = hije(8) = —D'hije(0)" [D*h(®)] ' D'G(0) = —Gijn(0) + O(n~?)
1 1
= E Z haijkhaﬂGﬁ — EGU]C + O(n_Q)
af

(©) Ry (@) — hijsa(®) =~ D'hijey )T IO D' GO) — - G 6) + O™

1 1
= = Pairgh® Gy — —Gijeg + O(n?)
n o n

(F) W7 (By) — W (6) = %Dlh“ @) (D*1(0)] "' D'G(®) + O(n"?)
_ _% S W i gh R Gy + O(n72)

afBlm
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*ij (1) ij(n 1 ia j 1 lm 1 i i -
(8) ™ (On) — h(8) = — ;: W huash WG, + E;h Goph™ +O(n™2)
Proof of (a). From Dh*(8) = Dh(8) — (1/n)DG(8) = —(1/n)DG(8) + O(n2)

~

—0= [D2h* )~ D R (8) (B.1)

(=
=2

C
- [ h@)]'D'G(6) + O(n~?) (B.2)

It follows from the result (B.2) that

Proof of (b). Because 6y is an asymptotic mode of order n=2 for —h*, this is immediate from
Miyata (2004, p.1047).
Proof of (c). Because D*h*(@y) = D2h(By) — (1/n)D2G(fy), arguing as in the proof of (a) of

Lemma 13, we have

* (N N N N 1 0
hi;(On) — hij(0) = hij(On) — hij(0) — EGU-(GN)

= D'y ()" By —8) — .Gy (bx) + O )
= Dy @) { DO D'60) | - 6@ + O
- —Dlhm«?) DO D'G6) ~ ~Cy6) + O(n™?)

= E Z haijhaﬂGg(é) — %sz(é) —+ O(nfz).
a,B

* ([ 0 0 1 0
hii(On) — hiji(0) = hij(On) — hii(0) — EGijk(aN)

= D'hi8) O ) - GilBy) + O(n™?)
= D'h;;(0)" {l[p%(é)]lplc:(é)} - %Gijk@) +0(n?)

— L 0T ID@) D G — %Gljk(é) +On?)

Proof of (e). This is the same as that of (d) essentially.
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Proof of (f). It follows from (B.2) that

h(Oy) — h'9(8) = D'h(6)" By — 8) + O(n~?)
:%Dlhw(é) [D2h(8)] " D'G(9) + O(n~2) (B.3)

By using the matrix algebra (D.A. Harville p.308),

) X X ) X X
—[D*h(0)]"' = —[D*h(8)] ' —D*h(6)[D*h(6)] .
89k[ 0)] [D°h(0)] %, @)D h(0)]”
Hence,
0 .. ) )
—h(0) = — Y A hgash®.
o ) azﬂ kaB
Therefore,
D'h¥(9) = thhﬁﬂDl 5(0).
Thus
K9 (@) — hV () = 1<—thhﬁjplhaﬁ(é)T> [D?h(9)] ' D'G(6) + O(n?)
n

aB

1 . .
= —— Z hmhkaﬁhﬂjhlel + O(n_2).
afBkl

Proof of (g). It follows from (A.3) that
[D*h*(0n)]) ™" = [D°h(B)] "
= [D*h(bx) ~ ~ Do) — [D*h(@)]
= [D*h(6y)] ™" — [D*h(B)] " + %[Dzh* (Bn)] 7' D*G(Bn)[D*h(By)] !
= [D*h(@x)] ~ (D@ 4+ [Dh(@)] DGO [D*hB)] ™ + O(n™?),
Using (f) of this lemma, we have
W9 (@y) — h(9)
pli
= 1(fx) —n5@) + - (- W) 6@ | | rom)
h
S Z R hash® W™ Gy + = thG sh% +0(n7?).
oaﬂlm

The following expansions are used to derive the fully exponential Laplace approximations in

Section 3.
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Lemma 15. Suppose that  is an asymptotic mode of order n~2 for —h(é). Let fif1qrs b€

sixth central moments of a multivariate Normal distribution with mean 0 and covariance X* =
[nD?*h*(Ox)] 7" Let

AFsRs = N nF Oty gh ORI Gy = T RO RR G .
afBlm af

Then the following results hold.

* 1 1R2 —
(a) ng(:uijk:qrs - ,uijqus) = _; Z hk k hk3k4Ak5k6 + O(TL 2),

<ki,ko--ke>
where A, A, and B are three rooms in which two rooms are the same, and the other is different
from them, and < kq, ko, ..., kg > denotes ways to arrange elements i, j, k, ¢, 7 and s into the three
rooms A, A, and B by two alphabets. Hence the summation _, is over (g) . (g) /2 =45

koo kg>
terms.

(b)

3/, %
E hijkhqrsn (,uijqus - ,U/ijqus)

ijkqrs
- _ 2 Z hijkhqrshlaﬁhjk hrshiahﬁthme + % Z hijkhqrshjk hrshiozhﬁQGaﬁ

ijkqrsaBlm ijkqrsaf

1 . . 1 A .
— _8 Z hz‘jkhqrshlaﬂhjr hkshzahﬂthme + _8 Z hz‘jkhqrshﬂhks i h’quaﬁ
n

ijkqrsaBlm ijkqrsas

1 o 1 o
18 § ' higphgrshiagh™ R R RPIRT G, 18 § ' RijihgrshP R R RPIG o
mn

n
ijkqrsaBlm ijkqrsa3

+0(n™?).

() 1 S {15 0n) = hii(8)} hgrsttfngns

ijkqrs
1 . _
- E E hcxijkhqrsh ﬂ(ngﬂijqus>G6 - E hqrs(ngﬂijqus>Gijk + O(TL 2)-

ijkqrsas ijkqrs

* ([ 1 arp,Bm —
(d) b (Oy) = 5 > hiagh® WG, Gy + O(n7%).

rmaf

Proof of (a). It is well known that sixth central moments of the Normal distribution are

decomposed with elements of the covariance matrix i.e.,

/ﬁ;}'qus — = (@*2] h*kqh*rs + R h*krh*qs 44 h*zsh*jrh*k(i) 7 (B4)
n 15 t:errms
where h* are (i, j)-elements of [D2h*(8y)]~!. For example, see Kass et al. (1990, p.477).
. N
From (g) of Lemma 13, h*7(8y) = h"(0) — +0(n™?).

n

13



Then we have

h*z] ( )h*kq( )h*rs (éN>
= hY(0)1*(6)h"(6)
1 hz_] (0)hkq ( Z hrahla hﬁshlmG
TL afBlm
_ lh (0)h7“s (Z hkahl ﬁhﬁthmG
n afBlm
1 A ~ . )
_ ﬁh (0)h7”5 (0) ( Z hlahlaﬁhfﬁ] hlme _

afBlm

= L (9)h*1(9)n"* () —

- %W(é)hwéwi +O(n™

where

AT = 3" hhaghP "G,

O[,ﬁ,l,m

Ly @ynta@)ars
n

=) hNYGp.
a,B

Z Bre hﬂs Gaﬂ)

af

- h’“o‘hﬁang)
af
> PGy

af
L i (0)h"(6) A
n

) +0(n?)
(B.5)

(B.6)

Substitution of (B.5) into the decomposition (B.4) leads to the equation (a).

Proof of (b). From Lemma 14 (a), we have

3 *
E : hi]'khqrsn (Iuijqus - luijqus)

ijk:qrs

=—= Z Rijihors <h”h’“m’”s + h AR+ NIRRT 4

1] jkqrs

1
= _ﬁ Z hijkhqrs Z

ijkqrs <kiko---ke>

45terms

hklk‘z hk‘3k4Ak‘5]€6 + O<n—2

S hishjrAk(i) + O(n72>

). (B.7)

Equation (B.7) are divided into three kinds of terms, Y hjxhgrs ARTER™ 0 S7 hisihgrs ARIThFS,
and > hijphgrs AYRMETS as described below. Note that Y hyjrhgrsh? R*MA™ and - hijphgrs A R0

are the same if the suffixes ¢ and j are exchanged for r and s. The second summation in (B.7)

18

14



§ hkl ko hkg k4 Ak5k6

<kiko---ke>

— hijhkqArs 4 hijhkrAqs + hijhksAqr + hikhqurs 4 hikhjrAqs + hikhjsAqr
+ hithk:Ars + hithrAks + hithsAkr + hirhjk:Aqs + hirhquks + hirhjsAkq
+ hishjkAqr + hishqukT + hishjrAkq _’_@ijAkths + hijAkrth + hijAkShqi

+Z”Likquhrs + hikAjrhqs + hikAjshqi_i_hjiqukhrs + hiqurhks 4 hiqushkr

4 hirAjkhqs + hirquhks =+ hirAjshkq T hisAjkhqr + hisquhkr 4 hisAjrhkq
+ Aijhkths + Aijhkrhqs +Aijhkshqr + Aikhthrs + Aikhjrhqs +Aikhjshqr

+Aithkhrs +Aithrhks+Aithshkr +Airhjkhqs +Airhthks +AiThjshkq
——— —
4 Aishjkhqr +Aishthkr 4 Aishjrhkq'
N——

Then we classify the foregoing equation into three type listed below.
(D (The underline) In the suffixes ks and kg of A*s* one is from 4, j and k, and another is

from ¢, r and s. Additionally, in ks and k4 of h*3*4 one is from 7, j and k, and another is from
g,rand s. (00O 1800)

@ (The underbrace) In the suffixes ks and kg of A¥*s one is from 7, j and k, and another is

from ¢, r and s. Additionally, the suffixes k3 and k4 have two alphabets in either (i, j, k) or
(¢,r,s). (ODDODO900O)

® The suffixes ks and kg of A** have two alphabets in either (i, 5, k) or (¢,r,s). (000 18
0o)

Consequently,

Z hijkhqrsng (:u;(jk:qrs - ,Uijkqm)
ijkqrs
= —% > hijhgrs ARIR — 1—: > hijehgrs AR HF
— % > hijehgrs ATRFR 4 O(n?)
- _% 3 hijkhtha‘khrs< 3 W hsh G, =S hmGaghﬁq)

a,B,l,m a8

18 . . .
- = hiihgrsh?" HFS h®hy,sh G, — Y WG sh’
0 S By (3 WG~ 3G

ijkqrs a,B,lm a3

18 . . . ,
— = ) hijhgehFR (Y W hiaghP TR Gy = T B Gopht” —2).
- kN ( lo3 G ;ﬂ: Gaph™ | +0(n™7)

ijkqrs a,B,lm

15



Thus the foregoing equation becomes

2 B jkprsyiag Bgilm e B jkprsyiay Bq
o > hijkhgrshiagh?™ B hih%h Gm+nuz hijihgrsh?* BT R RPIG
ijkqrsaflm ijkqrsaf
18 ir 1 ks iy Bqplm 18 ir 1. ks iy B
—— D hijphgshuagh BERCRRT G+ — Y T hijhge bW R R Gl
ijkqrsafBlm n ijkqrsa
18 kqirsyiag Bj1lm 18 kqirsyiay B
—— Y hiphgshiagh® R RORI R G+ = Y T by BRR R R Gl
ijkqrsaBlm n ijkqrsas
+0(n?).

Proof of (c¢). It follows from Lemma 13 (d) that
n3 Z (h;k]k(éN> - hijk(é))hqm:u;(jqus

ijkqrs
1 1
=n? - hon" haﬂ — — Uy -2 hrs ijkqrs -
" i%s(n§ " Gﬁ nGJk+O(n ) ! ,u]kq +O<n )

1 _
= Y haigharsh® (0 igrs) G = Y hars(0 figegrs) Gigpe + O(n )

ijkqrsaf ijkqrs

Hence, (c¢) is proved.

Proof of (d) Expanding the first derivatives h7(fy) around 8, and using (B.1) and (B.2) yields
i) = 1 (0) + D'Hi 6 (B —8) + S (Bx —0) Dhi B)(B — ) + O(n™*)
— (@) + D' O (-1 @) D))
+ % (%[DQh(é)]‘lDlG(é)) TD?h;(é) <%[D2h(9)]‘1D1G(9)) +0(n™?).
It follows from definition of an inverse matrix that

DB @) (D (B)) = (0....,0,1.0,....0).

Thus we have

* (1 * (1 %N 1 0 N\1— 0 0\1— 0 —
hi(On) = hi(0) — hi(6) + 2—7,L2D1G(0)T[D2h(0)] 'D*hy(8)[D*h(6)] 7' D'G(8) + O(n?)
1 ; . ; . ; .
= 5> D'GO)"(D*h(0)) ' D*(6)[D*h(B)] ' D'C(B) + O(n™)
1 d h Zq hquq
= (Z WG Sh TGT> D*hy(6) : +O(n?)
" r >, hG,
1 _
=53 > hiagh® B G, Gy + O(n™?).
laBqr

Hence, the lemma is proved.

16



Appendix C: Proofs of the main results

This section proves the main results. The notations are the same as in Sections 2 and 3.

Proof of Theorem 1.
/e"h(o)dG = e ") g —I—/ e ) qp.
<) B;(8) ©-B;(9)

First, we evaluate the first term in the r.h.s.
By expanding h(8) about 6,

= h(é) + Z hl(é) Z h” )2z + = Z h”k )zizi2k

z]k
1 ~
+ ﬂ Z hijkq(a)ZiZjZqu + EO Z hijqu(e)ZiZjZquZT
ijkq
720 Z hz]qus ZZZ]ZquZTZS + eru

where Ry, = (1/71) D hijkgrst2i%i2k2q2r 252+ T1n, and 1, is bounded over B, (é) by a polynomial

N 22 2p2q%r 2s%t%y. By using Lemma 7, we have
. 1 .
i ij

:D%@Fw—éy+¥o—mﬁﬁmmw—é)
1 1 A .
56—y D*h(@)6 —y) ~ {D'h@) [ Dh(E)] " D'h(®),
where y = 8 — [D2h(0)] "1 D ().
Using the expansion e = 1+ z + (1/2)z% + (1/6)2® + (1/24)z* 4 (1/120)e™2°, where 7, is a
point between 0 and z, it follows that

1 A 1 R
e:vp{—n {6 Z hiji(0)zizjz + - - - + 720 Z Rijigrs(0)zi2212q20 25 + Rln} }

ijk
1 1 1
=ql—n 6 Z hijeziziz + 24 Z hijrqZi%jZn%q + 120 Z Rijhar2iZj 2h2q?r
1
i 720 Z PijkqrsziZjZnZq2r?s + Rln)

n
7 (3 Z hwkzlzjzk +2- 6 21 Z hijrzizi2k] Z hgrstZq2r2s2t]

ijk ijk qrst

1
( ) Zhijquizjzkzq] +2- 5 120 Zhwkzlzjzk Z hgrstuzq?r2s2e2u) + Rgn)

qrstu

n 3 1 2 1
6 (( ) Z highzizsal <2> ' (6) ' ﬂ[z hijkzizjzk}z[z Rgrst2q2r2s2t) + R3n)

ijk ijk qrst
4

n \*
() ) o)
ij

= J,(0,0) + R,, (C.1)
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where Rs,, Rs,, and Ry, are the rests of terms squared, cubed, and to the fourth power in the
bracket, Rs, is a term with polynomials of degree greater than or equal to 15, and R, is the
sum of all terms involving Ry,, Ron, R3n, Rin, and Rs,.

n (C.1), J.(6,8) is
Jo(6,0) =1— n thzzzk - Eth 212212
n\Y, 6 1JR~1~) 24 L)Rq~1~]) q
n
+ 5 Z hijihgrszizj2u2q2r 2s

n L n L
- — E iikarZi 2 A B Ay — —— E iikarsZi2i 2k 20 Zr Zs
120 SR R 720 I I
n2

Z hijikhgrstzizjznzq2rZsze + ——= 152

E hz ik hrstuzzz Rk RqRrRsitiy
144 JRq J q

2

720 g hZ]kth‘StUZ’LZ] RkRqRrRsitiuy,

3

1296

nS

© 1728

n4

31104 E hijkhqrshtuvhwzyziijkzqzrzsztzuzvzwzxzy~

E hljkhqrshtuvzzzj RZkRqRr st iy Ry

E hijkhqrs htuvw RiRjREZqRr Zs Rt Zuly Zw

+

From (C.1), we have
/ efnh(O)de
Bs(9)
R w1 . .
— o h) | exp {ZDlh(e)T[§D2h(0)]‘1D1h(0)}
1 1 R
<[ e (=56 - onE) ) 1<a—y>)
Bs(9) n
X e:pp{—n( Z h”k )ziZj 2 + - 720 Z Nijkgrs?izjznzq2rZs + R1n> }dG.

ijk
_ O, (f) / A exp<_%<0 v - y)> 7,(6,6)d6, (C2)
B5(0)
+emhOc () / ewp(—l(ﬂ ~y)'ST O - Y)) Ry, db (€.3)
Bs(9) 2

where ¥ = [nD2h(8)]™. Second, we evaluate (C.3). The terms composing R, may be repre-
sented explicitly using the mean value form of the remainders in terms of higher derivatives of
h evaluated at points between 6 and 0, for example, one such term is

(=1 /81) >~ Rijrgrstu(1) 21221 2q 20 25 2420, Where 7 is a point between 6 and 6. Tt is one piece of
the error term appearing as R,,. Because it follows from condition (A3) that ||hjkgrstu(71)]| < M

18



on Bg , we have
1
H ) exp<—§(0 —y)'ste - y)) hijkqmtu(yl)zizjzkzqzrzsztzudﬂ"
5

1
S 8' é) @9529(—5(9 —y)'s7(6 - Y)) |22 21 2q 20 25 24 20| | O
B
= ]2]1/2 X O(nfg). (C4)

The other terms are similar. Thus (C.3) becomes (27)%/2e="h®|$|1/2C,, (8) x O(n=3).
Third, we evaluate (C.2). Since there exists a symmetric matrix A'/? such that A/2A1/? =
D2h(6), putting n*/2AY2(§ — y) = u, we have
©—B;@)={0:0-0)7(0—-0)> 6}
={0: (u—n'"2AY?b)T[D*h(0)] " (u — n'2AY?b) > né*}

SO

C {0 : 2u”u + 2nbTAY2AYH > p) 6%}

={6:u"u > ne,}

={0:(0-y)'271(0 ~y) > nes},
where \; is the smallest eigenvalue of D2h(9) b = (b;) = —[D2h(8)]*D'h(6) and
¢y = (1/2){\6% — 2D*h(8)T[D2h(8)]*D'h()}. Note that c; > 0 for large n because \; is
strictly positive from the assumption (A4). Hence, once again putting n'/?A'/2(0 —y) = u =

u — n'2AY?6)T (0 — n'2AY?b) > né?}

(u;), we have

) 1/2
< ( / exp(—lw N SRI y>) 5.(6” o>do)
O—y)TS~1(8—y)>ncs 2

1 1/2
= |x|V? </ ea:p(——u u) Po(u )du) :
ulu>nco 2

where Po(u) denotes a term with multivariate polynomials in wy, ..., ug of finite degree. Con-

/935«)) 633])(‘%(0 ~y)'STHO - Y)> J(0,0)d6.

becomes the term of exponentially decreasing error by the same argument as in Kass et al.
(1990, pp.478-479). This allows the replacement of the domain in (C.2) by the whole Euclidean
space. Therefore, (C.2) is replaced with

sequently,

~

e O (6) / exp(—%(@ — )’y - y)> J,(6.0)d6.
Rd
Since ¥ = (h /n), it follows from Lemma 12 (a) that

nEN[(0; — 6;)(0; — 0,)(0r — 6)] = bih?® + b;h™* + bh™ + nbb;by.
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Then, using D'h(6) = O(n™'), we have

n p 1 A ik T
EN {—6 Z hijk(a)zizjzk} =~ o, Z wk(a)(nbi)h]k 6 Z hijbib;bi. (C.5)

ijk ijk ijk
Moreover,
EN —EZh» 2222 ——EZh“ Elzizjzk24)
24 ijkqeicjck<q | — 24 ijkq 1<) ~k~q
ijkq
n hil pka h““ hi®  h4 hk] hm3m4
ijkq [m1,ma2]a
1 kg 1 (4 i n
= Z hijegh T — 22— (| Z hijigh®biby = o7 Z Rijigbib;brbg
ijkq ijkq ijkq
1 ii 1 ii _
=5 > hijegh R — 1 > hijegh"bibg + O(n™?) (C.6)
ijkq ijkq

Similarly, applying (iii)—(xi) of Appendix E to the other expanded terms in .J, (9,@), and then
combining (C.5) and (C.6) yields

/ e~ h0) 19 — (27T)d/2|Z|1/2€_”h(é)on(é) (1 + ﬁ + )\_22" + O(n_3)) : (C.7)
B;(6) n n
where C,,(0) = exp{(n/2)D*h(8)"[D*h(8)] "' D h(8)},

= 3 Z hzgk nb hjk -5 Z hzgkq hz]hkq + — Z hzgk é qrs 9 /vszqusnga

ijk Zj jkq 7,j ikqrs

and fi;jrqrs are the sixth central moments of a multivariate Normal distribution having covari-
ance matrix [nD2h(8)] .

On the other hand, it follows from assumption (A.5) of Section 2 that
/ e "0 ap = (27r)d/2|2]1/26_”h(é)0n(9) x O(n™®). (C.8)
6-B;(0)

Therefore, combining (C.7) and (C.8) yields the result.

Lemma 16. Suppose that 0 is an asymptotic mode of order n=2 for —h. Then it follows that
D'h*(By) = O(n™2).
Proof. Expanding Oh* (9N)/89i around 6 yields, for i = 1,...,d,

d 7 9 * (0 1 9 *o\WT (9 0 ) T (9 0 N
25, On) = 551 (0) + (D' 50 (0))" (B — ) + (B —6) [ % <@>]<0N—e>, (C9)

where &; is an interior point on the line from 6 to Oy

Writing (C.9) in a matrix form gives

D'h*(@y) = D'h*(8) + D*h*(0)T (Bx — 6) + R*(€), (C.10)
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,(Ox — 0)[D?01"(£4)/964)(On — 0))"

10), we have

where R*(¢) = (((}]Y — )7 (D0l (&) /@91](0N 0),...
Substituting 8y — 8 = —[D2h*(8)] "' D*h*(8) into (C.

D'h*(@y) = D'h*(8) — D*h*(0)[D*h*(8)] "' D*h*(8) + O(n~2) = O(n2).
Proof of Theorem 5.

f e—nh*(O)do
fe—nh(O)do

*
aln

_ ( D*h(), )1/205(3@693?[—”’1*(%)] 1+ =2+ —+O( 3)
DO Cll) eaplonh )y e o

_ ( [D*h(6) )”20:;«9@ expl—nh’ (@)
|D2h* ()| Cn(0) exp[—nh(6)]

" (1 L O = G G5, Ao — a;n(am — ) O(ng))
n n

First, we shall evaluate a},, — ai,. It follows from Lemma 13 (d) that

3

* * n 0 0
Z hz]k 0N hqrs 0N)luijqus - E Z hijk(a)hqrs(a):uijkqm (C]'l)
z]qus ijkqrs

n3

-z {( B2 (On) = hige (@) (On ) s

i (0) (s (On) = Toars(0)) 5 grs + P (0) s (0) (1 — uijqus)}

1 1 . 1 1 .
=52 > (ﬁ > haiph®Gs — gGiﬂc> hgrs[0° Hijhars) + — > hijehgrst® (1 jpgrs — Mijkqrs)
+0(n™?)
The left term of the foregoing equation becomes
1
o Z heijiharsh™ [n® pijrgrs) G — 36 > Bgrs[n® tijhgrs) Gigi- (C.12)

By using Lemma 14 (b), the right term equation is given by

1 9 ikprsyia m 9 ikprsyia
i{—gzmjkhmhlaghjkh B o Gm+—2h,~jkhth”h e

1
_ 18 > hijehgrshiagh’ BB BP R G, .18 § Rijihgrsh? B RRPG g
n
1
_ 18 > " hijihgrshiagh™ b h WO B G, 418 § Rijrhgrsh™ R R G, }
n
1 kyrsyia m k1 rsyia
= ——n§ hijihgrshiagh?® R hi*hP4p! Gm+8—n§ Rijrhgrsh? R R RPG g (C.13)
1 jir 1. ks iy Bglm 1 ir 1 ks iay B
- RE Rijihgrshiagh’ R W WP G, + ™ > hijehgrsh?" R RG g (C.14)

1 . 1 .
- > hijehgrshiagh BRI TG, + g > hijehgrshF T BB G . (C.15)
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In contrast, it follows from Lemma 13 (g), and Lemma 13 (e) that

— = (Z Rg O O ) 1 On) — > hijig (0)h7 (6 h’“%é))
_ L Z{ ORI @) 9 (B) — WD)

ijkq

qu <0N) [h*U (GN) hij (é)]hkq (9) + hij (9>hkq (é)[ qu <0N> - hijkq (é)] }

1 2 i1, ka m 2 ij 1, ka
=3 (‘E > hijegh? W hyagh® B Gy, + - > hijegh?hF G o

+ % > hijegh BRI G, — % > hiﬂ‘hquijkq> +0(n?)

_ % S higegh T hE b h h G — % S higrgh TR RG

— 8% > hijegh R Gy + sin > WG+ O(n7?). (C.16)
Combining (C.12), (C.13), (C.14), (C.15), and (C.16), we have af, — a1, = Kn/n, where £, is

of order 1. Next, we evaluate a3, — aa,.

Following the proof of Tierney and Kadane (1986), we have
(I Z hzyk Qb* h'*Jk + 3 Z hz]k 2b )h]k + O( ) (C]_?)
ijk ijk
Therefore,

D1, (6) )”2 Cr(Bx) expl—nh*(By)] ( Cn
D2 (@n)])  Cu(8)  expl-nh(9)]

£l @) - (
where C*(0y) = exp{(n/2)D*h*(@x)T[D*h*(@5)] " D h*(By)} and

TL2 *17 n2 j 1 ij 1, ka m
=~ > byt + 5} > b + 1 > hijrghiaph” KRR G,
1 - 1 - 1 -
=7 2 higegh DI Gog = = 3 hijph RO G+ 2 D TR Ggy,
1 . 1
_6 Z haijk:hqrsh ﬁ[ngﬂ'ijqus]Gﬁ - % Z hqrs [n3,uijqus]Gijk

Y Z hijkhqrshlaﬁhikhrshmhﬁthme + g Z hijkhqrsh]khmhmhﬁq(;ag
ijkqrsaflm ijkqrsa3

Z hz’jk’hqrs hlaﬁhﬂhks h* hﬂthme + Z Z hijkhqrs hjrhks h* hﬁanﬁ
igkqrsafBlm ijkqrsa

Z hz’jkhqrs hla,@' hkq LTS pic hﬁ] hlme + L_l Z hijk hqrshkq LTS pie h’BJ Gaﬂ

ijkqrsaflm ijkqrsas
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As an alternative expression of —(n?/2) >~ hyxbih?* in ¢, from Lemma 14 (d), we have
B 0x) = — 5" Wi @) + O(n?)
I

1 .
=5 > hiapgh BT R GL Gy + O(n70).

afBlmr
Thus
2
. 1 o
—% > hygbih* = 1 > higkhuagh™ W ROTR GGy + O(n7Y) (C.18)
ijk ijklmrag

Appendix D: Moments of multivariate normal distribu-

tions

A d x 1 random vector u is according to N(0,X), where ¥ = (1), and 0 is a d x 1 null
vector. Let pr, and fijrers denote the fourth and sixth central moments of multivariate

normal distribution N(0,Y). Then we have the formula concerning the moments:

Mijkqg = Mijlbks + Mikfhjs T isthik,
Mijkqrs = MijHkqibrs T [ijlir s T [ij ks ogr
+ Wik jqlrs T Mikfbjrfgs T Mikfhjsar
+ Mighjktrs t Highjrbks T HighjsHkr
+ Hirfjkflqs t Hirfljqlks + Hirfljstikq
+ Wistjkbgr + PisHjqlber + HisHjr g

Appendix E:Auxiliary calculation on the Laplace approx-

imations
(iii) From Lemma 12 (d),
n2
E [ﬁ Z hijkhqmz,-zjzkzqz,«zs}
n2
=5 Z hijihgrs B[22 212470 25

TL2
- 5 Z hijkhqrs <,U/z'jqus + Z bm1 bmgﬂm3m4m5m6 + Z bll blzblgbl4/~’1/l5le + bibjbk:bqbrbs>

[m1,m2]e6 [11,02,13,l4]6
n2 TLZ _3
= i Z hijkhqrs,uijqus + i Z hijkhqrs Z bm1bm2,um3m4m5m6 + O(n ) (El)
ijkqrs ijkqrs [m1,m2]e
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Because

Z bm1 bmg,umgm4m5m6 = bibj,uqus + bibk,ujqrs + bibq,ujk’rs + bibr,ujkqs + bibs,ujqu

[m1,m2]e

+ bjbk:uiqrs + bjbq,uikrs + bjbrluikqs + bjbsluiqu + bkbqﬂijrs
+ bkbrﬂiqu + bkbs,uijqr + bqbrlui]'ks + bqbsluijkr + brbsﬂijkqa

2
% Z hijihgrs < Z by b,y um3m4m5m6) is devided into two kinds of terms. Hence, the second

[m1,mo]

Z hzjkhqrs < Z bml bmgﬂm3m4m5m6)

[m1,ma]

term in (E.1) is

-6 Z hzgkhqrsb bjuquS "— -9 Z hz]khqrsb bq/JJ]krs

Conseqently, we have

n2
FE lﬁ Z hijkhqrszizjzkzqzrzs}

TL2 n2 n2
= 5 Z hijkhqrs/lijqus + ﬁ Z hijkhqrsbibjuqus + § Z hijkhqrsbibq/ljkrs-
(iv) From Lemma 12 (c),

n
FE [—EO Z hijquZiZjZquZr} = 120 Z hz_]qu Zzzjzkzqzr]

= _EO Z hijqu(z bm1ﬂm2m3m4m5) + O(TliS)
[

ijkqr mils

= 120 D Z hzgk‘qr iljkqr + O( )

ijkqr

= T 5 hijqubiﬂjqu + O(?’L_3).

(v) From Lemma 12 (d)

B[~ 2o hmrsmsncyinsn | =~z 2 b Bl

n

= _% hijqusuijqus + O(TZ_ )

(vi) From Lemma 12 (e),
t {144 2. h”khq’”stzzzazkzqzrzszt]

144 Z hijihgrst B[22 262020 2524

— m Z hijk:hqrst ( Z bm1um2m3m4m5m6m7> + O(n—?))

[m1l]7
2

2
144 -3 Z hz]khqrstbz,u]qust + -4 Z hzgkhqrstbq,uzykrst + O( _3)

n
- E Z hijkthstbi,ujqust + % Z hijkhqrstbq,uijkrst + O(n_g).
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(vii) From Lemma 12 (f),

2
E
{1152

(viii) From Lemma 12 (f),

2
E |:720 Z hzgkhqrstuzzz]Zkzqzrzsztzu:|

(ix) From Lemma 12 (g),

B|-

1296

1296

3

E hz]kthstuzzzjZkzqzrzsztzu:| =

2

1152 Z hz]kthstuE[ZzZ] zkzqzrzsztzu]

= Z hz]kthSt’u/"LljquStu + O( 73)

1152

E hijk hqrs htuv RiRjRRRqRrRs Rt Zuzv‘|

2
n _
= 720 E hfijkhqrstu:uijqustu + O(n 3)-

ijkhqrshtuv (Z bmlﬂm2m3m4m5m6m7mgm9) + O(ni?))

[m1]g

= -9 Z hz]khqrshtuvbzlujkqﬁtu“ + O( _3>

1296

= Z hz]khqrshtuvsz]quswv + O( _3)

144
(x) From Lemma 12 (h),

3
E
{ 1728

(xi) From Lemma 12 (i),

A
31104

~ 31104

The inequality in Theorem 5.

* *
Qs,, . a3n, _ Q1n + (57 + Aoy — A2 —
n3 n?

a* ak at
In 2n 3n
A
n
A1n Aon a3n
I+ —+—+—
n n n
where O(n™3) is given by
n3 n3 n n?
1
X
A1n Aon, a3n
L+ —t—+—
n n

E hz]khqrshtuvwzzzjZkzqzrzsztzuzvzw:| = -

1728

E hijk hqrs htuv hwzy RiRjRLZqRr Zs 2t 2yl Rw Ry Zy:|

ijk:hqrshtuvhwazyﬂijqustuvwxy + O(TL

s *
a1y — Gin + oy — @

*
2n — aln(aln -

n n?

aln(ain _

)
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-3
ijkhqrs htufuw,uijqustuvw + O(TL )

+0(n™?),

a3n,

n3

)5



+ 2
A1n A2np, a3n n n
I+ —+ —+—
n n
ay ay as a* a; al agy — arn(al, — aiy) a; as as
n n n 1 n 2 n n{l1 n n n n
= 1+2+Z+ -1+ n L in 1+ 2 2
n n n n n n n n
1
X

Q1n A2n A3n
I+ —+5+35
n n n

Therefore this inequality is proved.
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