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Abstract

Posterior means can be expressed as the ratio of integrals, which is called fully expo-
nential form. To approximate the posterior means analytically, Laplace’s method might
be useful. In this article, we present explicit error terms of order n−1, and of order n−2 in
the Laplace approximations with asymptotic modes. Moreover, we give second-order er-
ror terms in fully exponential Laplace approximations to posterior means with asymptotic
modes, which are proposed by Miyata (2004).

1. Introduction

Laplace’s method for the asymptotic evaluation of integrals (Laplace, 1847) is a simple and

useful technique. This method has been applied frequently in statistical theory by many authors

(Mosteller and Wallace 1964; Lindley 1980; Tierney and Kadane 1986). Θ = Θ1×· · ·×Θd ⊆ Rd

is an open parameter space of θθθ ≡ (θ1, ..., θd)
T , where T denotes the transpose of a matrix.

Suppose that (Ω,A) is a measurable space, P = {Pθ : θ ∈ Θ} is a family of probability

distributions on (Ω,A), and {Xi : i = 1, 2, ...} is a stochastic process on (Ω,A) with Xi’s

taking values in (X ,B) where X is a subset of R, and B is the class of Borel subsets of X . We

will assume that for all n, the distributions of X̃ = (X1, ...,Xn) are dominated by a σ-finite

measure, and we will denote a density of X̃ under Pθ by pn(x|θθθ). Note that x = (x1,x2, ...,xn, ...)

is the observed sequence and pn(x|θθθ) depends on the first n observation x̃ = (x1, ...,xn). Let

θ0 be a true parameter, and let ”a.e. Pθ0” be abbreviated to ”a.e.” or omitted. Let g+(θθθ) be

a smooth and strictly positive function. The purpose of this article is to give first-order and

second-order error terms in the fully exponential Laplace approximation to the posterior mean

E[g+(ΘΘΘ)] =

∫
Θ

g+(θθθ)pn(x|θθθ)π(θθθ)dθθθ∫
Θ

pn(x|θθθ)π(θθθ)dθθθ
, (1.1)

where Θ is an open subset of Rd, pn(x|θθθ) is the likelihood, and π is a prior. Although Θ also

denotes a random vector with a posterior distribution, we can see from the context which Θ

indicates. For convenience, the integrals in (1.1) are reexpressed as

E[g+(ΘΘΘ)] =

∫
Θ

exp{−nh∗n(θθθ)}dθθθ∫
Θ

exp{−nhn(θθθ)}dθθθ , (1.2)

where h∗n(θθθ) = −n−1 log[g+(θθθ)pn(x|θθθ)π(θθθ)] and hn(θθθ) = −n−1 log[pn(x|θθθ)π(θθθ)].
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Section 2 sketches out the concept of asymptotic modes, and describes the Laplace approxima-

tions with asymptotic modes. In particular, the first-order and second-order errors are given in

an explicit form. In Section 3, we give the explicit error terms of order n−2 in a fully exponential

Laplace approximation to a posterior mean of g+.

2. Asymptotic modes and Laplace’s approximations

This section introduces the Laplace method for an integral of the form
∫

Θ
e−nhn(θθθ)dθθθ with an

asymptotic mode of −hn(θθθ). For convenience of exposition, we write

∂s

∂θi1 · · · ∂θis

hn(θθθ) ≡ hi1···is(θθθ),
∑
i1···is

≡
d∑

i1=1

· · ·
d∑

is=1

,

and the first and second derivatives are represented by

D1hn(θθθ) ≡ ∂

∂θθθ
hn(θθθ) = (

∂

∂θ1

hn(θθθ), · · · ,
∂

∂θd

hn(θθθ))T

D2hn(θθθ) ≡ ∂2

∂θθθ∂θθθT
hn(θθθ) =




∂2

∂θ1∂θ1
hn(θθθ) · · · ∂2

∂θ1∂θd
hn(θθθ)

...
. . .

...
∂2

∂θd∂θ1
hn(θθθ) · · · ∂2

∂θd∂θd
hn(θθθ)


 .

We say that θ̂θθ is an asymptotic mode of −hn if θ̂θθ converges to the exact mode of −hn(θθθ) as the

sample size n tends to infinity. The exact mode of −hn(θθθ) is denoted by θ̂θθEX . Note that since

θ̂θθEX satisfies D1hn(θ̂θθEX) = 0, it is also taken as an asymptotic mode for −hn. Additionally,

the following asymptotic modes are defined.

Definition 1 θ̂θθ is an asymptotic mode of order n−1 for −hn if ||θ̂θθ − θ̂θθEX || −→ 0 a.e., and

D1hn(θ̂θθ) = O(n−1) a.e.

Remark 1. Let hn(θθθ) = −n−1 log[pn(x|θθθ)π(θθθ)]. The maximum likelihood estimator θ̂θθML for

pn(x|θθθ) is an asymptotic mode of order n−1 for −hn because D1hn(θ̂θθML) = −n−1π(θ̂θθML) =

O(n−1), and θ̂θθML converges to the exact mode of −hn(θθθ), as n tends to infinity under suitable

conditions. For the convergence of θ̂θθML, see Heyde and Johnstone (1979).

Definition 2 θ̂θθ is an asymptotic mode of order n−2 for −hn if ||θ̂θθ − θ̂θθEX || −→ 0 a.e., and

D1hn(θ̂θθ) = O(n−2) a.e.

Remark 2. Let θ̂θθML be the maximum likelihood estimator for p(x|θθθ), and let

hn(θθθ) = −n−1 log[p(x|θθθ)π(θθθ)]. Then, it follows from the same argument as in the proof of

Theorem 3 of Miyata (2004) that θ̂θθ
∗
ML ≡ θ̂θθML−[D2hn(θ̂θθML)]−1D1hn(θ̂θθML) satisfies D1hn(θ̂θθ

∗
ML) =

O(n−2).

Subsequently, we introduce the regularity conditions (A1), (A2), (A3), (A4) and (A5) for which

the asymptotic expansions for
∫

Θ
e−nhn(θθθ)dθθθ will be valid. Let ||a|| ≡ (aTa)1/2 for any vector
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a, | · | denote the determinant of a matrix. We use Bδ(θ̂θθ) to denote the open ball of radius δ

centered at θ̂θθ, namely Bδ(θ̂θθ) = {θθθ ∈ ΘΘΘ : ||θθθ − θ̂θθ|| < δ}. Let {θ̂θθ} ≡ {θ̂θθ : n = 1, 2, ...} be the

sequence of asymptotic modes.

We list the following assumptions for ({hn(θθθ)}, {θ̂θθ}):
(A1) {hn(θθθ) : n = 1, 2, ...} is a sequence of eight times continuously differentiable real functions

on ΘΘΘ.

There exists positive numbers ε, M , ζ and an integer n0 such that for the asymptotic mode θ̂θθ,

n ≥ n0 implies

(A2) the integral
∫
Θ

e−nhn(θθθ)dθθθ is finite;

(A3) for all θθθ ∈ Bε(θ̂θθ) and all 1 ≤ j1, ..., jm ≤ d with m = 1, ..., 8,

||hn(θθθ)|| < M and ||∂mhn(θθθ)/∂θj1 · · · ∂θjm || < M ;

(A4) D2hn(θ̂θθ) is positive definite and |D2hn(θ̂θθ)| > ζ;

(A5) for all δ for which 0 < δ < ε, Bδ(θ̂θθ) ⊆ ΘΘΘ and

|nD2hn(θ̂θθ)|1/2Cn(θ̂θθ)−1

∫

ΘΘΘ−Bδ(θ̂θθ)

exp{−n[hn(θθθ)− hn(θ̂θθ)]}dθθθ = O(n−3),

where Cn(θ̂θθ) = exp
(n

2
D1h(θ̂θθ)T [D2h(θ̂θθ)]−1D1h(θ̂θθ)

)
. The pair ({hn}, {θ̂θθ}) will be said to satisfy

the analytical assumptions for the asymptotic-mode Laplace method if (A1), (A2), (A3), (A4)

and (A5) are satisfied for the asymptotic mode θ̂θθ.

Our conditions (A1)–(A5) are analogous to those of Kass, Tierney and Kadane (1990) except

θ̂θθ is an asymptotic mode. If θ̂θθ is an asymptotic mode of order n−1,
∫
ΘΘΘ−Bδ(θ̂θθ)

exp{−n[hn(θθθ) −
hn(θ̂θθ)]}dθθθ = O(n−3−d/2) holds under (A5). Hence (A5) means that the probability outside a

neighborhood of the θ̂θθ converges to zero as the sample size n tends to infinity. Let hj1···jm
denote the mth partial derivative ∂mhn(θθθ)/∂θj1 · · · ∂θjm with respect to θθθ evaluated at θ̂θθ, for

example, h112 means ∂3hn(θ̂θθ)/∂θ̂2
1∂θ̂2. Let hij be the components of [D2h(θ̂θθ)]−1 and b = (bi) ≡

−[D2hn(θ̂θθ)]−1D1hn(θ̂θθ). We define the sixth, eighth, tenth, and twelfth central moments of

a multivariate normal distribution having covariance matrix [nD2h(θ̂θθ)]−1 as µijkqrs, µijkqrstu,

µijkqrstuvw, and µijkqrstuvwxy, respectively.

Theorem 3. Suppose that α̂αα is an asymptotic mode of order n−1 for −hn and the pair

({hn(ααα)}, {α̂αα}) satisfies analytical assumptions for the asymptotic-mode Laplace method. Then

it follows that for large n,

∫

Θ

e−nhn(θθθ)dθθθ = (2π)d/2|Σ|1/2e−nhn(α̂αα)Cn(α̂αα)

(
1 +

λ1n

n
+

λ2n

n2
+ O(n−3)

)
, (2.1)

where Cn(α̂αα) = exp
(n

2
D1hn(α̂αα)T [D2hn(α̂αα)]−1D1hn(α̂αα)

)
,
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λ1n = −1

2

∑

ijk

hijk(α̂αα)(nbi)h
jk − 1

8

∑

ijkq

hijkq(α̂αα)hijhkq

+
1

72

∑

ijkqrs

hijk(α̂αα)hqrs(α̂αα)µijkqrsn
3,

λ2n = −n3

6

∑
hijkbibjbk − n2

4

∑
hijkqh

ijbkbq +
n4

12

∑
hijkhqrsbibjµkqrs

+
n4

8

∑
hijkhqrsbibqµjkrs − n3

24

∑
hijkqrbiµjkqr

− n3

720

∑
hijkqrsµijkqrs +

n4

48

∑
hijkhqrstbiµjkqrst (2.2)

+
n4

36

∑
hijkhqrstbqµijkrst +

n4

1152

∑
hijkqhrstuµijkqrstu

+
n4

720

∑
hijkhqrstuµijkqrstu − n5

144

∑
hijkhqrshtuvbiµjkqrstuv

− n5

1728

∑
hijkhqrshtuvwµijkqrstuvw

+
n6

31104

∑
hijkhqrshtuvhwxyµijkqrstuvwxy,

Σ ≡ [nD2h(α̂αα)]−1 = (n−1hij), and µijkqrs are the sixth central moments of a multivariate Normal

distribution having covariance matrix Σ.

Note that λ1n and λ2n are of order O(1). The proof is given in Appendix C.

Theorem 4. Suppose that θ̂θθ is an asymptotic mode of order n−2 for−hn and the pair ({hn(θθθ)}, {θ̂θθ})
satisfies analytical assumptions for the asymptotic-mode Laplace method. Then it follows that

for large n,

∫

Θ

e−nhn(θθθ)dθθθ = (2π)d/2|Σ|1/2e−nhn(θ̂θθ)Cn(θ̂θθ)

(
1 +

a1n

n
+

a2n

n2
+ O(n−3)

)
, (2.3)

where Cn(θ̂θθ) = exp
(n

2
D1hn(θ̂θθ)T [D2hn(θ̂θθ)]−1D1hn(θ̂θθ)

)
,

a1n = −1

8

∑

ijkq

hijkqh
ijhkq +

n3

72

∑

ijkqrs

hijkhqrsµijkqrs,

a2n = −1

2

∑

ijk

hijk(n
2bi)h

jk − n3

720

∑
hijkqrsµijkqrs

+
n4

1152

∑
hijkqhrstuµijkqrstu +

n4

720

∑
hijkhqrstuµijkqrstu

− n5

1728

∑
hijkhqrshtuvwµijkqrstuvw

+
n6

31104

∑
hijkhqrshtuvhxyzµijkqrstuvwxy,

and Σ ≡ [nD2h(θ̂θθ)]−1 = (n−1hij).
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a1n, and a2n are of order O(1), and the proof is given in Appendix C.

Remark 5. O(n−3) includes hi, ..., hijkqrst, hij, bi,

−n

8!

∫

Bδ(θ̂θθ)

exp

(
−1

2
(θθθ − y)T Σ−1(θθθ − y)

)
hijkqrstu(γ1)zizjzkzqzrzsztzudθθθ,

∫

ΘΘΘ−Bδ(θ̂θθ)

exp{−n[hn(θθθ)− hn(θ̂θθ)]}dθθθ

and

∫

Bδ(θ̂θθ)

n(θθθ|θ̂θθ + b, [nD2hn(θ̂θθ)]−1)R5n(kn(θθθ, θ̂θθ))dθθθ,

where γ1 is a point between θθθ and θ̂θθ,

kn(θθθ, θ̂θθ) = −n

(
1

6

∑

ijk

hijkzizjzk + · · ·+ 1

7!

∑

ijkqrst

hijkqrstzi · · · zt +
1

8!

∑

ijkqrstu

hijkqrstu(γ2)zi · · · zu

)

γ2 is a point between θθθ and θ̂θθ

R5n(kn(θθθ, θ̂θθ)) =
kn(θθθ, θ̂θθ)5

4!

∫ 1

0

(1− λ)4exp{λkn(θθθ, θ̂θθ)}dλ.

3. Main results

This section mainly gives the explicit error terms of order n−2 in the fully exponential Laplace

approximations to posterior means. Let b∗ = (b∗i ) ≡ −[D2h∗n(θ̂θθ)]−1D1h∗n(θ̂θθ)

Theorem 6. Let θ̂θθ be an asymptotic mode of order n−2 for −hn(θθθ), and θ̂θθN is a single New-

ton step from θ̂θθ toward the maximum of −h∗n(θθθ), i.e., θ̂θθN ≡ θ̂θθ − [D2h∗n(θ̂θθ)]−1D1h∗n(θ̂θθ). If

pairs ({hn(θθθ)}, {θ̂θθ}) and ({h∗n(θθθ)}, {θ̂θθN}) satisfy analytical assumptions for the asymptotic-mode

Laplace method, Then

E[g(ΘΘΘ)] =

( |D2hn(θ̂θθ)|
|D2h∗n(θ̂θθN)|

)1/2
C∗

n(θ̂θθN)

Cn(θ̂θθ)

exp[−nh∗(θ̂θθN)]

exp[−nh(θ̂θθ)]

(
1 +

cn

n2
+ O(n−3)

)
, (3.1)

where C∗
n(θ̂θθN) = exp{(n/2)D1h∗n(θ̂θθN)T [D2h∗n(θ̂θθN)]−1D1h∗n(θ̂θθN)} and

cn = −n2

2

∑
hijkb

∗
i h

jk +
n2

2

∑
hijkbih

jk +
1

4

∑
hijkqhlαβhijhkαhβqhlmGm

− 1

4

∑
hijkqh

ijhkαhβqGαβ − 1

8

∑
hijkqlh

ijhkqhlmGm +
1

8

∑
hijhkqGijkq

+
1

36

∑
hαijkhqrsh

αβ[n3µijkqrs]Gβ − 1

36

∑
hqrs[n

3µijkqrs]Gijk

− 1

8

∑

ijkqrsαβlm

hijkhqrshlαβhjkhrshiαhβqhlmGm +
1

8

∑

ijkqrsαβ

hijkhqrsh
jkhrshiαhβqGαβ

− 1

4

∑

ijkqrsαβlm

hijkhqrshlαβhjrhkshiαhβqhlmGm +
1

4

∑

ijkqrsαβ

hijkhqrsh
jrhkshiαhβqGαβ

− 1

4

∑

ijkqrsαβlm

hijkhqrshlαβhkqhrshiαhβjhlmGm +
1

4

∑

ijkqrsαβ

hijkhqrsh
kqhrshiαhβjGαβ.
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Note that cn is of order O(1). The first term in the right side of cn is reexpressed as

−n2

2

∑
hijkb

∗
i h

jk =
1

4

∑

ijklmrαβ

hijkhlαβhilhjkhαrhβmGrGm + O(n−1). (3.2)

If θ̂θθ is replaced with the exact mode θ̂θθEX of −hn(θθθ) in (3.1), then it follows that

E[g(ΘΘΘ)] =

( |D2hn(θ̂θθEX)|
|D2h∗n(θ̂θθN)|

)1/2

C∗
n(θ̂θθN)

exp[−nh∗(θ̂θθN)]

exp[−nh(θ̂θθEX)]

(
1 +

ċn

n2
+ O(n−3)

)
, (3.3)

where ċn is cn with the term (n2/2)
∑

hijkbih
jk being 0. Furthermore, the approximation with

θ̂θθN with the exact mode of −h∗n is equivalent to the Tierney–Kadane approximation. As a

generalized form, the following result holds.

Theorem 7. Suppose that θ̂θθ and θ̃θθ are asymptotic modes of order n−2 for −hn(θθθ) and −h∗n(θθθ)

respectively. Then

E[g(ΘΘΘ)] =

( |D2hn(θ̂θθ)|
|D2h∗n(θ̃θθ)|

)1/2
C∗

n(θ̃θθ)

Cn(θ̂θθ)

exp[−nh∗(θ̃θθ)]

exp[−nh(θ̂θθ)]

(
1 + O(n−2)

)
. (3.4)

Appendix A: Lemmas concerning matrices

This section prepares some lemmas concerning matrices to prove the main results.

Lemma 8. Suppose that a is a 1× d matrix, M is a d× d symmetric matrix. Then,

aT (θθθ − θ̂θθ) + (θθθ − θ̂θθ)TM(θθθ − θ̂θθ) = (θθθ − y)TM(θθθ − y)− 1

4
aTM−1a,

where y = θ̂θθ − (1/2)M−1a.

Proof.

(θθθ − θ̂θθ +
1

2
M−1a)TM(θθθ − θ̂θθ +

1

2
M−1a)− 1

4
aT M−1a

= (θθθ − θ̂θθ)TM(θθθ − θ̂θθ) +
1

2
aTM−1M(θθθ − θ̂θθ) + (θθθ − θ̂θθ)TM

1

2
M−1a +

1

2
aTM−1M

1

2
M−1a

− 1

4
aTM−1a

= aT (θθθ − θ̂θθ) + (θθθ − θ̂θθ)TM(θθθ − θ̂θθ).

Lemma 9. Let Id be a d× d unit matrix. For any d× d matrix A and any scalar x,

|A + xId| =
d∑

r=0

xr
∑

{i1,...,ir}
|A{i1,...,ir}|, (A.1)

where | · | denotes the determinant of a matrix, {i1, ..., ir} is an r-dimensional subset of the

first d positive integers 1, ..., d (and the second summation is over all
(

d
r

)
such subsets), and

A{i1,...,ir} is the (d−r)× (d−r) principal submatrix of A obtained by striking out the i1, ..., irth

rows and columns. (For r = d, the sum
∑

{i1,...,ir} |A{i1,...,ir}| is to be interpreted as 1.) Note

that the expression (A.1) is a polynomial in x, the coefficient of x0 (i.e., the constant term of

the polynomial) equals |A|, and the coefficient of xd−1 equals tr(A).
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Proof. See Harville (1997; corollary 13.7.4, p.197).

Lemma 10. For d× d nonsingular matrices A and B,

d

dt

( |A− (t/n)B|
|A|

) ∣∣∣
t=0

= − 1

n
tr(BA−1).

Proof. Using Lemma 8 and the relation between an inverse matrix and the cofactors, we have

d

dt

( |A− (t/n)B|
|A|

) ∣∣∣
t=0

=
d

dt

(
|BA−1||AB−1 − t

n
Id|

) ∣∣∣
t=0

=
d

dt


|BA−1|


|AB−1| − t

n

∑

{i1}
|(AB−1){i1}|+ t2

n2
ξ + · · ·+ (−t)d

nd







∣∣∣
t=0

= − 1

n

1

|AB−1|
∑

{i1}
|(AB−1){i1}|

= − 1

n
tr(AB−1)−1

= − 1

n
tr(BA−1),

where ξ =
∑

{i1,i2} |(AB−1){i1,i2}| and {i1} and {i1, i2} are the same notations as in Lemma 8.

Hence this lemma is proved.

Lemma 11. For d× d nonsingular matrices A and B and any scalar x, it follows that

(A + xB)−1 −A−1 = O(x). (A.2)

Proof. Multiplying (A + xB)−1(A + xB) = Id by A−1 from the right side yields

(A + xB)−1 −A−1 = −x(A + xB)−1BA−1. (A.3)

Hence the lemma is proved.

Lemma 12. For d× d nonsingular matrices A and B,

d

dt
(A− t

n
B)−1

∣∣∣
t=0

=
1

n
A−1BA−1.

Proof: Using (A.3),

(A− (t/n)B)−1 −A−1

t
=

1

n
(A− t

n
B)−1BA−1. (A.4)

Hence, letting t → 0 yields the lemma.
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Appendix B: Some lemmas

This section presents some lemmas required in the evaluation of the asymptotic errors in Sec-

tions 2 and 3.

Lemma 13. Let n denote a sample size, and let zi ≡ Θi − θ̂i. Suppose that ΘΘΘ = (Θ1, ..., Θd)
T

is according to Nd(θ̂θθ + b, Σ), where θ̂θθ = (θ̂1, ..., θ̂d)
T , b = (b1, ..., bd)

T = O(n−1), and Σ = (µij)

is the covariance matrix with µij = O(n−1). Then we have the following results.

(a) E[(Θi − θ̂i)(Θj − θ̂j)(Θk − θ̂k)] = biµjk + bjµik + bkµij︸ ︷︷ ︸
O(n−2)

+ bibjbk︸ ︷︷ ︸
O(n−3)

(b) E[(Θi − θ̂i)(Θj − θ̂j)(Θk − θ̂k)(Θq − θ̂q)] = µijµkq + µikµjq + µiqµkj︸ ︷︷ ︸
O(n−2)

+
∑

[m1,m2]4

bm1bm2µm3m4︸ ︷︷ ︸
O(n−3)

+bibjbkbq,

where [m1,m2]4 indicates ways of a pair chosen among four alphabets i, j, k, and q. Hence the

summation
∑

[m1,m2]4
is over

(
4
2

)
.

(c) E[zizjzkzqzr] =
∑

[m1]5

bm1µm2m3m4m5︸ ︷︷ ︸
O(n−3)

+
∑

[l1,l2,l3]5

bl1bl2bl3µl4l5︸ ︷︷ ︸
O(n−4)

+bibjbkbqbr,

where [m1]5 indicates ways of one chosen among five alphabets i, j, k, q, and r, and [l1, l2, l3]5

indicates ways of a triple chosen among i, j, k, q, and r. The notations [l1, l2, l3, l4]6, [m1,m2]6,

etc below are also defined similarly.

(d) E[zizjzkzqzrzs] = µijkqrs︸ ︷︷ ︸
O(n−3)

+
∑

[m1,m2]6

bm1bm2µm3m4m5m6︸ ︷︷ ︸
O(n−4)

+
∑

[l1,l2,l3,l4]6

bl1bl2bl3bl4µl5l6︸ ︷︷ ︸
O(n−5)

+bibjbkbqbrbs

(e) E[zizjzkzqzrzszt] =
∑

[m1]7

bm1µm2m3m4m5m6m7︸ ︷︷ ︸
O(n−4)

+
∑

[l1,l2,l3]7

bl1bl2bl3µl4l5l6l7 +
∑

[n1,n2,n3,n4,n5]7

bn1bn2bn3bn4bn5µn6n7 + bibjbkbqbrbsbt

(f) E[zizjzkzqzrzsztzu︸ ︷︷ ︸
8

] = µijkqrstu︸ ︷︷ ︸
O(n−4)

+O(n−5)

(g) E[zizjzkzqzrzsztzuzv︸ ︷︷ ︸
9

] =
∑

[m1]9

bm1µm2m3m4m5m6m7m8m9︸ ︷︷ ︸
O(n−5)

+O(n−6)

(h) E[zizjzkzqzrzsztzuzvzw︸ ︷︷ ︸
10

] = µijkqrstuvw︸ ︷︷ ︸
O(n−5)

+O(n−6)

(i) E[zizjzkzqzrzsztzuzvzwzxzy︸ ︷︷ ︸
12

] = µijkqrstuvwxy︸ ︷︷ ︸
O(n−6)

+O(n−7)
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Proof of (a). Putting ui ≡ Θi − (θ̂i + bi), E[ui] = 0, and E[uiuj] = µij. By using the binomial

theorem and the result in which odd moments of ui are 0, we have

E[(Θi − θ̂i)(Θj − θ̂j)(Θk − θ̂k)]

= E

[(
Θi − (θ̂i + bi) + bi

)(
Θj − (θ̂j + bj) + bj

)(
Θk − (θ̂k + bk) + bk

)]

= E[(ui + bi)(uj + bj)(uk + bk)]

= E[uiujuk] + biE[ujuk] + bjE[uiuk] + bkE[uiuj]

+ bibjE[uk] + bjbkE[ui] + bibkE[uj] + bibjbk

= biµjk + bjµik + bkµij + bibjbk.

Proof of (b).

E[(Θi − θ̂i)(Θj − θ̂j)(Θk − θ̂k)(Θq − θ̂q)]

= E

[(
Θi − (θ̂i + bi) + bi

)(
Θj − (θ̂j + bj) + bj

)(
Θk − (θ̂k + bk) + bk

)(
Θq − (θ̂q + bq) + bq

)]

= E[(ui + bi)(uj + bj)(uk + bk)(uq + bq)]

= E[uiujukuq] +
∑

[m1]4

bm1 E[um2um3um4 ]︸ ︷︷ ︸
0

+
∑

[m1,m2]4

bm1bm2E[um3um4 ]

+
∑

[m1,m2,m3]4

bm1bm2bm3 E[um4 ]︸ ︷︷ ︸
0

+bibjbkbq

= µijkq +
∑

[m1,m2]4

bm1bm2E[um3um4 ] + bibjbkbq.

Proof of (c).

E[zizjzkzqzr]

= E[(Θi − (θ̂i + bi) + bi)(Θj − (θ̂j + bj) + bj) · · · (Θr − (θ̂r + br) + br)]

= E[(ui + bi)(uj + bj)(uk + bk)(uq + bq)(ur + br)]

= µijkqr︸ ︷︷ ︸
0

+
∑

[m1]5

bm1E[um2um3um4um5 ] +
∑

[m1,m2]5

bm1bm2 E[um3um4um5 ]︸ ︷︷ ︸
0

+
∑

[m1,m2,m3]5

bm1bm2bm3E[um4um5 ] +
∑

[m1,m2,m3,m4]5

bm1bm2bm3bm4E[um5 ] + bibjbkbqbr

=
∑

[m1]5

bm1µm2m3m4m5 +
∑

[m1,m2,m3]5

bm1bm2bm3µm4m5 + bibjbkbqbr.
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Proof of (d).

E[zizjzkzqzrzs]

= E[(ui + bi)(uj + bj)(uk + bk)(uq + bq)(ur + br)(us + bs)]

= µijkqrs +
∑

[m1]6

bm1 E[um2um3um4um5um6 ]︸ ︷︷ ︸
0

+
∑

[m1,m2]6

bm1bm2E[um3um4um5um6 ] +
∑

[m1,m2,m3]6

bm1bm2bm3E[um4um5um6 ]

+
∑

[m1,m2,m3,m4]6

bm1bm2bm3bm4E[um5um6 ] +
∑

[m1,m2,m3,m4,m5]6

bm1bm2bm3bm4bm5E[um6 ]

+ bibjbkbqbrbs.

Similarly, (e)–(h) can be proved.

Let G(θθθ) ≡ log g+(θθθ) and let Gj1...jm denote the mth partial derivatives ∂mG(θθθ)/∂θj1 ...θjm

evaluated at θθθ = θ̂θθ. For example, G213 = ∂3G(θ̂θθ)/∂θ̂2∂θ̂1∂θ̂3. For simplicity, we let h∗n = h∗ and

hn = h.

Lemma 14. Let θ̂θθ be an asymptotic mode of order n−2 for −h(θθθ), and let h∗(θθθ) ≡ h(θθθ) −
(1/n)G(θθθ). Suppose that h∗(θθθ) and h(θθθ) are five times continuously differentiable sequences

on Θ, G(θθθ) is four times continuously differentiable, and [D2h(θ̂θθ)]−1 exists. Then the following

results hold:

(a) h∗(θ̂θθN)− h(θ̂θθ) = − 1

n
G(θ̂θθ) +

1

n
D1h(θ̂θθ)T [D2h(θ̂θθ)]−1D1G(θ̂θθ)

︸ ︷︷ ︸
O(n−3)

+O(n−2)

(b) D1h∗(θ̂θθN)−D1h(θ̂θθ) = O(n−2)

(c) h∗ij(θ̂θθN)− hij(θ̂θθ) =
1

n
D1hij(θ̂θθ)

T [D2h(θ̂θθ)]−1D1G(θ̂θθ)− 1

n
Gij(θ̂θθ) + O(n−2)

=
1

n

∑

α,β

hαijh
αβGβ − 1

n
Gij + O(n−2)

(d) h∗ijk(θ̂θθN)− hijk(θ̂θθ) =
1

n
D1hijk(θ̂θθ)

T [D2h(θ̂θθ)]−1D1G(θ̂θθ)− 1

n
Gijk(θ̂θθ) + O(n−2)

=
1

n

∑

αβ

hαijkh
αβGβ − 1

n
Gijk + O(n−2)

(e) h∗ijkq(θ̂θθN)− hijkq(θ̂θθ) =
1

n
D1hijkq(θ̂θθ)

T [D2h(θ̂θθ)]−1D1G(θ̂θθ)− 1

n
Gijkq(θ̂θθ) + O(n−2)

=
1

n

∑

αβ

hαijkqh
αβGβ − 1

n
Gijkq + O(n−2)

(f) hij(θ̂θθN)− hij(θ̂θθ) =
1

n
D1hij(θ̂θθ)T [D2h(θ̂θθ)]−1D1G(θ̂θθ) + O(n−2)

= − 1

n

∑

αβlm

hiαhlαβhβjhlmGm + O(n−2)
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(g) h∗ij(θ̂θθN)− hij(θ̂θθ) = − 1

n

∑

α,β,l,m

hiαhlαβhβjhlmGm +
1

n

∑

α,β

hiαGαβhβj + O(n−2)

Proof of (a). From Dh∗(θ̂θθ) = Dh(θ̂θθ)− (1/n)DG(θ̂θθ) = −(1/n)DG(θ̂θθ) + O(n−2)

θ̂θθN − θ̂θθ = −[D2h∗(θ̂θθ)]−1D1h∗(θ̂θθ) (B.1)

=
1

n
[D2h(θ̂θθ)]−1D1G(θ̂θθ) + O(n−2) (B.2)

It follows from the result (B.2) that

h∗(θ̂θθN)− h(θ̂θθ) = h(θ̂θθN)− h(θ̂θθ)− 1

n
G(θ̂θθN)

= D1h(θ̂θθ)T (θ̂θθN − θ̂θθ)− 1

n
G(θ̂θθN) + O(n−2)

= D1h(θ̂θθ)T

{
1

n
[D2h(θ̂θθ)]−1D1G(θ̂θθ)

}
− 1

n
G(θ̂θθ) + O(n−2)

=
1

n
D1h(θ̂θθ)T [D2h(θ̂θθ)]−1D1G(θ̂θθ)− 1

n
G(θ̂θθ) + O(n−2).

Proof of (b). Because θ̂θθN is an asymptotic mode of order n−2 for −h∗, this is immediate from

Miyata (2004, p.1047).

Proof of (c). Because D2h∗(θ̂θθN) = D2h(θ̂θθN)− (1/n)D2G(θ̂θθN), arguing as in the proof of (a) of

Lemma 13, we have

h∗ij(θ̂θθN)− hij(θ̂θθ) = hij(θ̂θθN)− hij(θ̂θθ)− 1

n
Gij(θ̂θθN)

= D1hij(θ̂θθ)
T (θ̂θθN − θ̂θθ)− 1

n
Gij(θ̂θθN) + O(n−2)

= D1hij(θ̂θθ)
T

{
1

n
[D2h(θ̂θθ)]−1D1G(θ̂θθ)

}
− 1

n
Gij(θ̂θθ) + O(n−2)

=
1

n
D1hij(θ̂θθ)

T [D2h(θ̂θθ)]−1D1G(θ̂θθ)− 1

n
Gij(θ̂θθ) + O(n−2)

=
1

n

∑

α,β

hαijh
αβGβ(θ̂θθ)− 1

n
Gij(θ̂θθ) + O(n−2).

Proof of (d). Arguing as in the proof of (a) of Lemma 13,

h∗ijk(θ̂θθN)− hijk(θ̂θθ) = hijk(θ̂θθN)− hijk(θ̂θθ)− 1

n
Gijk(θ̂θθN)

= D1hijk(θ̂θθ)
T (θ̂θθN − θ̂θθ)− 1

n
Gijk(θ̂θθN) + O(n−2)

= D1hijk(θ̂θθ)
T

{
1

n
[D2h(θ̂θθ)]−1D1G(θ̂θθ)

}
− 1

n
Gijk(θ̂θθ) + O(n−2)

=
1

n
D1hijk(θ̂θθ)

T [D2h(θ̂θθ)]−1D1G(θ̂θθ)− 1

n
Gijk(θ̂θθ) + O(n−2)

=
1

n

∑

α,β

hαijkh
αβGβ(θ̂θθ)− 1

n
Gijk(θ̂θθ) + O(n−2).

Proof of (e). This is the same as that of (d) essentially.
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Proof of (f). It follows from (B.2) that

hij(θ̂θθN)− hij(θ̂θθ) = D1hij(θ̂θθ)T (θ̂θθN − θ̂θθ) + O(n−2)

=
1

n
D1hij(θ̂θθ)T [D2h(θ̂θθ)]−1D1G(θ̂θθ) + O(n−2) (B.3)

By using the matrix algebra (D.A. Harville p.308),

∂

∂θ̂k

[D2h(θ̂θθ)]−1 = −[D2h(θ̂θθ)]−1 ∂

∂θ̂k

D2h(θ̂θθ)[D2h(θ̂θθ)]−1.

Hence,
∂

∂θ̂k

hij(θ̂θθ) = −
∑

α,β

hiαhkαβhβj.

Therefore,

D1hij(θ̂θθ) = −
∑

α,β

hiαhβjD1hαβ(θ̂θθ).

Thus

hij(θ̂θθN)− hij(θ̂θθ) =
1

n

(
−

∑

αβ

hiαhβjD1hαβ(θ̂θθ)T

)
[D2h(θ̂θθ)]−1D1G(θ̂θθ) + O(n−2)

= − 1

n

∑

αβkl

hiαhkαβhβjhklGl + O(n−2).

Proof of (g). It follows from (A.3) that

[D2h∗(θ̂θθN)]−1 − [D2h(θ̂θθ)]−1

= [D2h(θ̂θθN)− 1

n
D2G(θ̂θθN)]−1 − [D2h(θ̂θθ)]−1

= [D2h(θ̂θθN)]−1 − [D2h(θ̂θθ)]−1 +
1

n
[D2h∗(θ̂θθN)]−1D2G(θ̂θθN)[D2h(θ̂θθN)]−1

= [D2h(θ̂θθN)]−1 − [D2h(θ̂θθ)]−1 +
1

n
[D2h(θ̂θθ)]−1D2G(θ̂θθ)[D2h(θ̂θθ)]−1 + O(n−2).

Using (f) of this lemma, we have

h∗ij(θ̂θθN)− hij(θ̂θθ)

= hij(θ̂θθN)− hij(θ̂θθ) +
1

n

(
hi1 · · · hid

)
D2G(θ̂θθ)




h1j

...

hdj


 + O(n−2)

= − 1

n

∑

αβlm

hiαhlαβhβjhlmGm +
1

n

∑

αβ

hiαGαβhβj + O(n−2).

The following expansions are used to derive the fully exponential Laplace approximations in

Section 3.
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Lemma 15. Suppose that θ̂θθ is an asymptotic mode of order n−2 for −h(θ̂θθ). Let µ∗ijkqrs be

sixth central moments of a multivariate Normal distribution with mean 0 and covariance Σ∗ =

[nD2h∗(θ̂θθN)]−1. Let

∆k5k6 =
∑

αβlm

hk5αhlαβhβk6hlmGm −
∑

αβ

hk5αhβk6Gαβ.

Then the following results hold.

(a) n3(µ∗ijkqrs − µijkqrs) = − 1

n

∑

<k1,k2···k6>

hk1k2hk3k4∆k5k6 + O(n−2),

where A, A, and B are three rooms in which two rooms are the same, and the other is different

from them, and < k1, k2, ..., k6 > denotes ways to arrange elements i, j, k, q, r and s into the three

rooms A, A, and B by two alphabets. Hence the summation
∑

<k1,k2···k6> is over
(
6
2

) ·(4
2

)
/2 = 45

terms.

(b)

∑

ijkqrs

hijkhqrsn
3(µ∗ijkqrs − µijkqrs)

= − 9

n

∑

ijkqrsαβlm

hijkhqrshlαβhjkhrshiαhβqhlmGm +
9

n

∑

ijkqrsαβ

hijkhqrsh
jkhrshiαhβqGαβ

− 18

n

∑

ijkqrsαβlm

hijkhqrshlαβhjrhkshiαhβqhlmGm +
18

n

∑

ijkqrsαβ

hijkhqrsh
jrhkshiαhβqGαβ

− 18

n

∑

ijkqrsαβlm

hijkhqrshlαβhkqhrshiαhβjhlmGm +
18

n

∑

ijkqrsαβ

hijkhqrsh
kqhrshiαhβjGαβ

+ O(n−2).

(c) n3
∑

ijkqrs

{h∗ijk(θ̂θθN)− hijk(θ̂θθ)}hqrsµ
∗
ijkqrs

=
1

n

∑

ijkqrsαβ

hαijkhqrsh
αβ(n3µijkqrs)Gβ −

∑

ijkqrs

hqrs(n
3µijkqrs)Gijk + O(n−2).

(d) h∗l (θ̂θθN) =
1

2n2

∑

rmαβ

hlαβhαrhβmGrGm + O(n−3).

Proof of (a). It is well known that sixth central moments of the Normal distribution are

decomposed with elements of the covariance matrix i.e.,

µ∗ijkqrs =
1

n3

(
h∗ijh∗kqh∗rs + h∗ijh∗krh∗qs + · · ·+ h∗ish∗jrh∗kq

︸ ︷︷ ︸
15 terms

)
, (B.4)

where h∗ij are (i, j)-elements of [D2h∗(θ̂θθN)]−1. For example, see Kass et al. (1990, p.477).

From (g) of Lemma 13, h∗ij(θ̂θθN) = hij(θ̂θθ)− ∆ij

n
+ O(n−2).
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Then we have

h∗ij(θ̂θθN)h∗kq(θ̂θθN)h∗rs(θ̂θθN)

= hij(θ̂θθ)hkq(θ̂θθ)hrs(θ̂θθ)

− 1

n
hij(θ̂θθ)hkq(θ̂θθ)

(∑

αβlm

hrαhlαβhβshlmGm −
∑

αβ

hrαhβsGαβ

)

− 1

n
hij(θ̂θθ)hrs(θ̂θθ)

(∑

αβlm

hkαhlαβhβqhlmGm −
∑

αβ

hkαhβqGαβ

)

− 1

n
hkq(θ̂θθ)hrs(θ̂θθ)

(∑

αβlm

hiαhlαβhβjhlmGm −
∑

αβ

hiαhβjGαβ

)
+ O(n−2)

= hij(θ̂θθ)hkq(θ̂θθ)hrs(θ̂θθ)− 1

n
hij(θ̂θθ)hkq(θ̂θθ)∆rs − 1

n
hij(θ̂θθ)hrs(θ̂θθ)∆kq

− 1

n
hkq(θ̂θθ)hrs(θ̂θθ)∆ij + O(n−2), (B.5)

where

∆ij =
∑

α,β,l,m

hiαhlαβhβjhlmGm −
∑

α,β

hiαhβjGαβ. (B.6)

Substitution of (B.5) into the decomposition (B.4) leads to the equation (a).

Proof of (b). From Lemma 14 (a), we have

∑

ijkqrs

hijkhqrsn
3(µ∗ijkqrs − µijkqrs)

= − 1

n

∑

ijkqrs

hijkhqrs

(
hijhkq∆rs + hij∆kqhrs + ∆ijhkqhrs + · · ·+ hishjr∆kq

︸ ︷︷ ︸
45terms

)
+ O(n−2)

= − 1

n

∑

ijkqrs

hijkhqrs

∑

<k1k2···k6>

hk1k2hk3k4∆k5k6 + O(n−2). (B.7)

Equation (B.7) are divided into three kinds of terms,
∑

hijkhqrs∆
iqhjkhrs,

∑
hijkhqrs∆

iqhjrhks,

and
∑

hijkhqrs∆
ijhkqhrs as described below. Note that

∑
hijkhqrsh

ijhkq∆rs and
∑

hijkhqrs∆
ijhkqhrs

are the same if the suffixes i and j are exchanged for r and s. The second summation in (B.7)

is
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∑

<k1k2···k6>

hk1k2hk3k44k5k6

= hijhkq4rs + hijhkr4qs + hijhks4qr + hikhjq4rs + hikhjr4qs + hikhjs4qr

+ hiqhjk4rs + hiqhjr4ks + hiqhjs4kr + hirhjk4qs + hirhjq4ks + hirhjs4kq

+ hishjk4qr + hishjq4kr + hishjr4kq + hij4kqhrs + hij4krhqs + hij4kshqr

︸ ︷︷ ︸
+ hik4jqhrs + hik4jrhqs + hik4jshqr

︸ ︷︷ ︸ +hiq4jkhrs + hiq4jrhks + hiq4jshkr

+ hir4jkhqs + hir4jqhks + hir4jshkq + his4jkhqr + his4jqhkr + his4jrhkq

+4ijhkqhrs +4ijhkrhqs +4ijhkshqr +4ikhjqhrs +4ikhjrhqs +4ikhjshqr

+4iqhjkhrs

︸ ︷︷ ︸ +4iqhjrhks +4iqhjshkr +4irhjkhqs

︸ ︷︷ ︸ +4irhjqhks +4irhjshkq

+4ishjkhqr

︸ ︷︷ ︸ +4ishjqhkr +4ishjrhkq.

Then we classify the foregoing equation into three type listed below.

©1 (The underline) In the suffixes k5 and k6 of ∆k5k6 , one is from i, j and k, and another is

from q, r and s. Additionally, in k3 and k4 of hk3k4 , one is from i, j and k, and another is from

q, r and s. (全部で 18通り)

©2 (The underbrace) In the suffixes k5 and k6 of ∆k5k6 , one is from i, j and k, and another is

from q, r and s. Additionally, the suffixes k3 and k4 have two alphabets in either (i, j, k) or

(q, r, s). (全部で 9通り)

©3 The suffixes k5 and k6 of ∆k5k6 have two alphabets in either (i, j, k) or (q, r, s). (全部で 18

通り)

Consequently,

∑

ijkqrs

hijkhqrsn
3(µ∗ijkqrs − µijkqrs)

= − 9

n

∑
hijkhqrs∆

iqhjkhrs − 18

n

∑
hijkhqrs∆

iqhjrhks

− 18

n

∑
hijkhqrs∆

ijhkqhrs + O(n−2)

= − 9

n

∑
hijkhqrsh

jkhrs

( ∑

α,β,l,m

hiαhlαβhβqhlmGm −
∑

α,β

hiαGαβhβq

)

− 18

n

∑

ijkqrs

hijkhqrsh
jrhks

( ∑

α,β,l,m

hiαhlαβhβqhlmGm −
∑

α,β

hiαGαβhβq

)

− 18

n

∑

ijkqrs

hijkhqrsh
kqhrs

( ∑

α,β,l,m

hiαhlαβhβjhlmGm −
∑

α,β

hiαGαβhβj

)
+ O(n−2).
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Thus the foregoing equation becomes

− 9

n

∑

ijkqrsαβlm

hijkhqrshlαβhjkhrshiαhβqhlmGm +
9

n

∑

ijkqrsαβ

hijkhqrsh
jkhrshiαhβqGαβ

− 18

n

∑

ijkqrsαβlm

hijkhqrshlαβhjrhkshiαhβqhlmGm +
18

n

∑

ijkqrsαβ

hijkhqrsh
jrhkshiαhβqGαβ

− 18

n

∑

ijkqrsαβlm

hijkhqrshlαβhkqhrshiαhβjhlmGm +
18

n

∑

ijkqrsαβ

hijkhqrsh
kqhrshiαhβjGαβ

+ O(n−2).

Proof of (c). It follows from Lemma 13 (d) that

n3
∑

ijkqrs

(h∗ijk(θ̂θθN)− hijk(θ̂θθ))hqrsµ
∗
ijkqrs

= n3
∑

ijkqrs

(
1

n

∑

α,β

hαijkh
αβGβ − 1

n
Gijk + O(n−2)

)
hqrs

(
µijkqrs + O(n−4)

)

=
1

n

∑

ijkqrsαβ

hαijkhqrsh
αβ(n3µijkqrs)Gβ −

∑

ijkqrs

hqrs(n
3µijkqrs)Gijk + O(n−2)

Hence, (c) is proved.

Proof of (d) Expanding the first derivatives h∗l (θ̂θθN) around θ̂θθ, and using (B.1) and (B.2) yields

h∗l (θ̂θθN) = h∗l (θ̂θθ) + D1h∗l (θ̂θθ)
T (θ̂θθN − θ̂θθ) +

1

2
(θ̂θθN − θ̂θθ)T D2h∗l (θ̂θθ)(θ̂θθN − θ̂θθ) + O(n−3)

= h∗l (θ̂θθ) + D1h∗l (θ̂θθ)
T

(
−[D2h∗(θ̂θθ)]−1D1h∗(θ̂θθ)

)

+
1

2

(
1

n
[D2h(θ̂θθ)]−1D1G(θ̂θθ)

)T

D2h∗l (θ̂θθ)
(

1

n
[D2h(θ̂θθ)]−1D1G(θ̂θθ)

)
+ O(n−3).

It follows from definition of an inverse matrix that

D1h∗l (θ̂θθ)
T [D2h∗(θ̂θθ)]−1 = (0, ..., 0, 1

l
, 0, ..., 0).

Thus we have

h∗l (θ̂θθN) = h∗l (θ̂θθ)− h∗l (θ̂θθ) +
1

2n2
D1G(θ̂θθ)T [D2h(θ̂θθ)]−1D2hl(θ̂θθ)[D

2h(θ̂θθ)]−1D1G(θ̂θθ) + O(n−3)

=
1

2n2
D1G(θ̂θθ)T [D2h(θ̂θθ)]−1D2hl(θ̂θθ)[D

2h(θ̂θθ)]−1D1G(θ̂θθ) + O(n−3)

=
1

2n2

(∑
r

h1rGr · · ·
∑

r

hdrGr

)
D2hl(θ̂θθ)




∑
q h1qGq

...∑
q hdqGq


 + O(n−3)

=
1

2n2

∑

lαβqr

hlαβhαrhβqGrGq + O(n−3).

Hence, the lemma is proved.
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Appendix C: Proofs of the main results

This section proves the main results. The notations are the same as in Sections 2 and 3.

Proof of Theorem 1. ∫

ΘΘΘ

e−nh(θθθ)dθθθ =

∫

Bδ(θθθ)

e−nh(θθθ)dθθθ +

∫

ΘΘΘ−Bδ(θθθ)

e−nh(θθθ)dθθθ.

First, we evaluate the first term in the r.h.s.

By expanding h(θθθ) about θ̂θθ,

h(θθθ) = h(θ̂θθ) +
∑

i

hi(θ̂θθ)zi +
1

2

∑
ij

hij(θ̂θθ)zizj +
1

6

∑

ijk

hijk(θ̂θθ)zizjzk

+
1

24

∑

ijkq

hijkq(θ̂θθ)zizjzkzq +
1

120

∑
hijkqr(θ̂θθ)zizjzkzqzr

+
1

720

∑
hijkqrs(θ̂θθ)zizjzkzqzrzs + R1n,

where R1n ≡ (1/7!)
∑

hijkqrstzizjzkzqzrzszt+r1n, and r1n is bounded over Bε(θ̂θθ) by a polynomial

in zizjzkzqzrzsztzu. By using Lemma 7, we have
∑

i

hi(θ̂θθ)zi +
1

2

∑
ij

hij(θ̂θθ)zizj

= D1h(θ̂θθ)T (θθθ − θ̂θθ) +
1

2
(θθθ − θ̂θθ)T D2h(θ̂θθ)(θθθ − θ̂θθ)

=
1

2
(θθθ − y)T D2h(θ̂θθ)(θθθ − y)− 1

4
D1h(θ̂θθ)T [

1

2
D2h(θ̂θθ)]−1D1h(θ̂θθ),

where y = θ̂θθ − [D2h(θ̂θθ)]−1D1h(θ̂θθ).

Using the expansion ex = 1 + x + (1/2)x2 + (1/6)x3 + (1/24)x4 + (1/120)eτ1x5, where τ1 is a

point between 0 and x, it follows that

exp

{
−n

[
1

6

∑

ijk

hijk(θ̂θθ)zizjzk + · · ·+ 1

720

∑
hijkqrs(θ̂θθ)zizjzkzqzrzs + R1n

]}

=

{
1− n

(
1

6

∑
hijkzizjzk +

1

24

∑
hijkqzizjzkzq +

1

120

∑
hijkqrzizjzkzqzr

+
1

720

∑
hijkqrszizjzkzqzrzs + R1n

)

+
n2

2

(
1

36
[
∑

ijk

hijkzizjzk]
2 + 2 · 1

6
· 1

24
[
∑

ijk

hijkzizjzk][
∑
qrst

hqrstzqzrzszt]

+

(
1

24

)2

[
∑

hijkqzizjzkzq]
2 + 2 · 1

6
· 1

120
[
∑

hijkzizjzk][
∑
qrstu

hqrstuzqzrzsztzu] + R2n

)

− n3

6

((
1

6

)3

[
∑

ijk

hijkzizjzk]
3 +

(
3

2

)
·
(

1

6

)2

· 1

24
[
∑

ijk

hijkzizjzk]
2[

∑
qrst

hqrstzqzrzszt] + R3n

)

+
n4

24

((
1

6

)4

[
∑

ijk

hijkzizjzk]
4 + R4n

)
+ R5n

}

= Jn(θθθ, θ̂θθ) + Rn, (C.1)
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where R2n, R3n, and R4n are the rests of terms squared, cubed, and to the fourth power in the

bracket, R5n is a term with polynomials of degree greater than or equal to 15, and Rn is the

sum of all terms involving R1n, R2n, R3n, R4n, and R5n.

In (C.1), Jn(θθθ, θ̂θθ) is

Jn(θθθ, θ̂θθ) = 1− n

6

∑
hijkzizjzk − n

24

∑
hijkqzizjzkzq

+
n2

72

∑
hijkhqrszizjzkzqzrzs

− n

120

∑
hijkqrzizjzkzqzr − n

720

∑
hijkqrszizjzkzqzrzs

+
n2

144

∑
hijkhqrstzizjzkzqzrzszt +

n2

1152

∑
hijkqhrstuzizjzkzqzrzsztzu

+
n2

720

∑
hijkhqrstuzizjzkzqzrzsztzu

− n3

1296

∑
hijkhqrshtuvzizjzkzqzrzsztzuzv

− n3

1728

∑
hijkhqrshtuvwzizjzkzqzrzsztzuzvzw

+
n4

31104

∑
hijkhqrshtuvhwxyzizjzkzqzrzsztzuzvzwzxzy.

From (C.1), we have

∫

Bδ(θ̂θθ)

e−nh(θθθ)dθθθ

= e−nh(θ̂θθ) · exp

{
n

4
D1h(θ̂θθ)T [

1

2
D2h(θ̂θθ)]−1D1h(θ̂θθ)

}

×
∫

Bδ(θ̂θθ)

exp

(
−1

2
(θθθ − y)T (

1

n
D2h(θ̂θθ)−1)−1(θθθ − y)

)

× exp

{
−n

(
1

6

∑

ijk

hijk(θ̂θθ)zizjzk + · · ·+ 1

720

∑
hijkqrszizjzkzqzrzs + R1n

)}
dθθθ.

= e−nh(θ̂θθ)Cn(θ̂θθ)

∫

Bδ(θ̂θθ)

exp

(
−1

2
(θθθ − y)T Σ−1(θθθ − y)

)
Jn(θθθ, θ̂θθ)dθθθ, (C.2)

+ e−nh(θ̂θθ)Cn(θ̂θθ)

∫

Bδ(θ̂θθ)

exp

(
−1

2
(θθθ − y)T Σ−1(θθθ − y)

)
Rndθθθ (C.3)

where Σ = [nD2h(θ̂θθ)]−1. Second, we evaluate (C.3). The terms composing Rn may be repre-

sented explicitly using the mean value form of the remainders in terms of higher derivatives of

h evaluated at points between θ̂θθ and θθθ, for example, one such term is

(−n/8!)
∑

hijkqrstu(γ1)zizjzkzqzrzsztzu, where γ1 is a point between θθθ and θ̂θθ. It is one piece of

the error term appearing as Rn. Because it follows from condition (A3) that ||hijkqrstu(γ1)|| < M
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on Bδ(θ̂θθ), we have
∣∣∣∣
∣∣∣∣
−n

8!

∫

Bδ(θ̂θθ)

exp

(
−1

2
(θθθ − y)T Σ−1(θθθ − y)

)
hijkqrstu(γ1)zizjzkzqzrzsztzudθθθ

∣∣∣∣
∣∣∣∣

≤ nM

8!

∫

Bδ(θ̂θθ)

exp

(
−1

2
(θθθ − y)T Σ−1(θθθ − y)

)
||zizjzkzqzrzsztzu||dθθθ

= |Σ|1/2 ×O(n−3). (C.4)

The other terms are similar. Thus (C.3) becomes (2π)d/2e−nh(θ̂θθ)|Σ|1/2Cn(θ̂θθ)×O(n−3).

Third, we evaluate (C.2). Since there exists a symmetric matrix A1/2 such that A1/2A1/2 =

D2h(θ̂θθ), putting n1/2A1/2(θθθ − y) = u, we have

ΘΘΘ−Bδ(θ̂θθ) = {θθθ : (θθθ − θ̂θθ)T (θθθ − θ̂θθ) > δ2}
= {θθθ : (u− n1/2A1/2b)T [D2h(θ̂θθ)]−1(u− n1/2A1/2b) > nδ2}
⊆ {θθθ :

1

λ1

(u− n1/2A1/2b)T (u− n1/2A1/2b) > nδ2}

⊆ {θθθ : 2uTu + 2nbTA1/2A1/2b > nλ1δ
2}

= {θθθ : uTu > nc2}
= {θθθ : (θθθ − y)T Σ−1(θθθ − y) > nc2},

where λ1 is the smallest eigenvalue of D2h(θ̂θθ) , b = (bi) ≡ −[D2h(θ̂θθ)]−1D1h(θ̂θθ) and

c2 = (1/2){λ1δ
2 − 2D1h(θ̂θθ)T [D2h(θ̂θθ)]−1D1h(θ̂θθ)}. Note that c2 > 0 for large n because λ1 is

strictly positive from the assumption (A4). Hence, once again putting n1/2A1/2(θθθ − y) = u =

(ui), we have
∫

ΘΘΘ−Bδ(θ̂θθ)

exp

(
−1

2
(θθθ − y)T Σ−1(θθθ − y)

)
Jn(θθθ, θ̂θθ)dθθθ

≤
(∫

(θθθ−y)T Σ−1(θθθ−y)>nc2

exp

(
−1

2
(θθθ − y)T Σ−1(θθθ − y)

)
Jn(θθθ2, θ̂θθ)dθθθ

)1/2

= |Σ|1/2

(∫

uT u>nc2

exp

(
−1

2
uTu

)
Po(u)du

)1/2

,

where Po(u) denotes a term with multivariate polynomials in u1, ..., ud of finite degree. Con-

sequently, ∫

ΘΘΘ−Bδ(θ̂θθ)

exp

(
−1

2
(θθθ − y)T Σ−1(θθθ − y)

)
Jn(θθθ, θ̂θθ)dθθθ.

becomes the term of exponentially decreasing error by the same argument as in Kass et al.

(1990, pp.478-479). This allows the replacement of the domain in (C.2) by the whole Euclidean

space. Therefore, (C.2) is replaced with

e−nh(θ̂θθ)Cn(θ̂θθ)

∫

Rd

exp

(
−1

2
(θθθ − y)T Σ−1(θθθ − y)

)
Jn(θθθ, θ̂θθ)dθθθ.

Since Σ = (hij/n), it follows from Lemma 12 (a) that

nEN [(Θi − θ̂i)(Θj − θ̂j)(Θk − θ̂k)] = bih
jk + bjh

ik + bkh
ij + nbibjbk.
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Then, using D1h(θ̂θθ) = O(n−1), we have

EN

[
−n

6

∑

ijk

hijk(θ̂θθ)zizjzk

]
= − 1

2n

∑

ijk

hijk(θ̂θθ)(nbi)h
jk − n

6

∑

ijk

hijkbibjbk. (C.5)

Moreover,

EN

[
− n

24

∑

ijkq

hijkqzizjzkzq

]
= − n

24

∑
hijkqE[zizjzkzq]

= − n

24

∑

ijkq

hijkq

(
hij

n
· hkq

n
+

hik

n
· hjq

n
+

hiq

n
· hkj

n
+

∑

[m1,m2]4

bm1bm2

hm3m4

n
+ bibjbkbq

)

= − 1

8n

∑

ijkq

hijkqh
ijhkq − n

24
· 1

n
·
(

4

2

) ∑

ijkq

hijkqh
ijbkbq − n

24

∑

ijkq

hijkqbibjbkbq

= − 1

8n

∑

ijkq

hijkqh
ijhkq − 1

4

∑

ijkq

hijkqh
ijbkbq + O(n−3) (C.6)

Similarly, applying (iii)–(xi) of Appendix E to the other expanded terms in Jn(θθθ, θ̂θθ), and then

combining (C.5) and (C.6) yields

∫

Bδ(θ̂θθ)

e−nh(θθθ)dθθθ = (2π)d/2|Σ|1/2e−nh(θ̂θθ)Cn(θ̂θθ)

(
1 +

λ1n

n
+

λ2n

n2
+ O(n−3)

)
, (C.7)

where Cn(θ̂θθ) = exp{(n/2)D1h(θ̂θθ)T [D2h(θ̂θθ)]−1D1h(θ̂θθ)},

λ1n = −1

2

∑

ijk

hijk(θ̂θθ)(nbi)h
jk − 1

8

∑

ijkq

hijkq(θ̂θθ)h
ijhkq +

1

72

∑

ijkqrs

hijk(θ̂θθ)hqrs(θ̂θθ)µijkqrsn
3,

and µijkqrs are the sixth central moments of a multivariate Normal distribution having covari-

ance matrix [nD2h(θ̂θθ)]−1.

On the other hand, it follows from assumption (A.5) of Section 2 that
∫

ΘΘΘ−Bδ(θ̂θθ)

e−nh(θθθ)dθθθ = (2π)d/2|Σ|1/2e−nh(θ̂θθ)Cn(θ̂θθ)×O(n−3). (C.8)

Therefore, combining (C.7) and (C.8) yields the result.

Lemma 16. Suppose that θ̂θθ is an asymptotic mode of order n−2 for −h. Then it follows that

D1h∗(θ̂θθN) = O(n−2).

Proof. Expanding ∂h∗(θ̂θθN)/∂θi around θ̂θθ yields, for i = 1, ..., d,

∂

∂θi

h∗(θ̂θθN) =
∂

∂θi

h∗(θ̂θθ) + (D1 ∂

∂θi

h∗(θ̂θθ))T (θ̂θθN − θ̂θθ) + (θ̂θθN − θ̂θθ)T

[
D2 ∂

∂θi

h∗(ξi)

]
(θ̂θθN − θ̂θθ), (C.9)

where ξi is an interior point on the line from θ̂θθ to θ̂θθN .

Writing (C.9) in a matrix form gives

D1h∗(θ̂θθN) = D1h∗(θ̂θθ) + D2h∗(θ̂θθ)T (θ̂θθN − θ̂θθ) + R∗(ξ), (C.10)
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where R∗(ξ) = ((θ̂θθN − θ̂θθ)T [D2∂h∗(ξ1)/∂θ1](θ̂θθN − θ̂θθ), ..., (θ̂θθN − θ̂θθ)[D2∂h∗(ξd)/∂θd](θ̂θθN − θ̂θθ))T .

Substituting θ̂θθN − θ̂θθ = −[D2h∗(θ̂θθ)]−1D1h∗(θ̂θθ) into (C.10), we have

D1h∗(θ̂θθN) = D1h∗(θ̂θθ)−D2h∗(θ̂θθ)[D2h∗(θ̂θθ)]−1D1h∗(θ̂θθ) + O(n−2) = O(n−2).

Proof of Theorem 5.
∫

e−nh∗(θθθ)dθθθ∫
e−nh(θθθ)dθθθ

=

( |D2h(θ̂θθ)|
|D2h∗(θ̂θθN)|

)1/2
C∗

n(θ̂θθN)

Cn(θ̂θθ)

exp[−nh∗(θ̂θθN)]

exp[−nh(θ̂θθ)]

1 +
a∗1n

n
+

a∗2n

n2
+ O(n−3)

1 +
a1n

n
+

a2n

n2
+ O(n−3)

=

( |D2h(θ̂θθ)|
|D2h∗(θ̂θθN)|

)1/2
C∗

n(θ̂θθN)

Cn(θ̂θθ)

exp[−nh∗(θ̂θθN)]

exp[−nh(θ̂θθ)]

×
(

1 +
a∗1n − a1n

n
+

a∗2n − a2n − a1n(a∗1n − a1n)

n2
+ O(n−3)

)

First, we shall evaluate a∗1n − a1n. It follows from Lemma 13 (d) that

n3

72

∑

ijkqrs

h∗ijk(θ̂θθN)h∗qrs(θ̂θθN)µ∗ijkqrs −
n3

72

∑

ijkqrs

hijk(θ̂θθ)hqrs(θ̂θθ)µijkqrs (C.11)

=
n3

72

∑{
(h∗ijk(θ̂θθN)− hijk(θ̂θθ))h

∗
qrs(θ̂θθN)µ∗ijkqrs

+ hijk(θ̂θθ)(h
∗
qrs(θ̂θθN)− hqrs(θ̂θθ))µ

∗
ijkqrs + hijk(θ̂θθ)hqrs(θ̂θθ)(µ

∗
ijkqrs − µijkqrs)

}

=
1

72
· 2

∑(
1

n

∑
hαijkh

αβGβ − 1

n
Gijk

)
hqrs[n

3µijkqrs] +
1

72

∑
hijkhqrsn

3(µ∗ijkqrs − µijkqrs)

+ O(n−2)

The left term of the foregoing equation becomes

1

36n

∑
hαijkhqrsh

αβ[n3µijkqrs]Gβ − 1

36n

∑
hqrs[n

3µijkqrs]Gijk. (C.12)

By using Lemma 14 (b), the right term equation is given by

1

72

{
− 9

n

∑
hijkhqrshlαβhjkhrshiαhβqhlmGm +

9

n

∑
hijkhqrsh

jkhrshiαhβqGαβ

− 18

n

∑
hijkhqrshlαβhjrhkshiαhβqhlmGm +

18

n

∑
hijkhqrsh

jrhkshiαhβqGαβ

− 18

n

∑
hijkhqrshlαβhkqhrshiαhβjhlmGm +

18

n

∑
hijkhqrsh

kqhrshiαhβjGαβ

}

= − 1

8n

∑
hijkhqrshlαβhjkhrshiαhβqhlmGm +

1

8n

∑
hijkhqrsh

jkhrshiαhβqGαβ (C.13)

− 1

4n

∑
hijkhqrshlαβhjrhkshiαhβqhlmGm +

1

4n

∑
hijkhqrsh

jrhkshiαhβqGαβ (C.14)

− 1

4n

∑
hijkhqrshlαβhkqhrshiαhβjhlmGm +

1

4n

∑
hijkhqrsh

kqhrshiαhβjGαβ. (C.15)
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In contrast, it follows from Lemma 13 (g), and Lemma 13 (e) that

− 1

8

(∑
h∗ijkq(θ̂θθN)h∗ij(θ̂θθN)h∗kq(θ̂θθN)−

∑
hijkq(θ̂θθ)h

ij(θ̂θθ)hkq(θ̂θθ)

)

= −1

8

∑

ijkq

{
h∗ijkq(θ̂θθN)h∗ij(θ̂θθN)[h∗kq(θ̂θθN)− hkq(θ̂θθ)]

+ h∗ijkq(θ̂θθN)[h∗ij(θ̂θθN)− hij(θ̂θθ)]hkq(θ̂θθ) + hij(θ̂θθ)hkq(θ̂θθ)[h∗ijkq(θ̂θθN)− hijkq(θ̂θθ)]

}

= −1

8

(
− 2

n

∑
hijkqh

ijhkαhlαβhβqhlmGm +
2

n

∑
hijkqh

ijhkαhβqGαβ

+
1

n

∑
hijkqlh

ijhkqhlmGm − 1

n

∑
hijhkqGijkq

)
+ O(n−2)

=
1

4n

∑
hijkqh

ijhkαhlαβhβqhlmGm − 1

4n

∑
hijkqh

ijhkαhβqGαβ

− 1

8n

∑
hijkqlh

ijhkqhlmGm +
1

8n

∑
hijhkqGijkq + O(n−2). (C.16)

Combining (C.12), (C.13), (C.14), (C.15), and (C.16), we have a∗1n − a1n = κn/n, where κn is

of order 1. Next, we evaluate a∗2n − a2n.

Following the proof of Tierney and Kadane (1986), we have

a∗2n − a2n = −1

2

∑

ijk

h∗ijk(θ̂θθN)(n2b∗i )h
∗jk +

1

2

∑

ijk

hijk(θ̂θθ)(n
2bi)h

jk + O(n−1). (C.17)

Therefore,

E[g+(ΘΘΘ)] =

( |D2hn(θ̂θθ)|
|D2h∗n(θ̂θθN)|

)1/2
C∗

n(θ̂θθN)

Cn(θ̂θθ)

exp[−nh∗(θ̂θθN)]

exp[−nh(θ̂θθ)]

(
1 +

cn

n2
+ O(n−3)

)
,

where C∗
n(θ̂θθN) = exp{(n/2)D1h∗(θ̂θθN)T [D2h∗(θ̂θθN)]−1D1h∗(θ̂θθN)} and

cn = −n2

2

∑
hijkb

∗
i h

jk +
n2

2

∑
hijkbih

jk +
1

4

∑
hijkqhlαβhijhkαhβqhlmGm

− 1

4

∑
hijkqh

ijhkαhβqGαβ − 1

8

∑
hijkqlh

ijhkqhlmGm +
1

8

∑
hijhkqGijkq

+
1

36

∑
hαijkhqrsh

αβ[n3µijkqrs]Gβ − 1

36

∑
hqrs[n

3µijkqrs]Gijk

− 1

8

∑

ijkqrsαβlm

hijkhqrshlαβhjkhrshiαhβqhlmGm +
1

8

∑

ijkqrsαβ

hijkhqrsh
jkhrshiαhβqGαβ

− 1

4

∑

ijkqrsαβlm

hijkhqrshlαβhjrhkshiαhβqhlmGm +
1

4

∑

ijkqrsαβ

hijkhqrsh
jrhkshiαhβqGαβ

− 1

4

∑

ijkqrsαβlm

hijkhqrshlαβhkqhrshiαhβjhlmGm +
1

4

∑

ijkqrsαβ

hijkhqrsh
kqhrshiαhβjGαβ
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As an alternative expression of −(n2/2)
∑

hijkb
∗
i h

jk in cn, from Lemma 14 (d), we have

b∗i (θ̂θθN) = −
∑

l

hilh∗l (θ̂θθN) + O(n−3)

= − 1

2n2

∑

αβlmr

hlαβhilhαrhβmGrGm + O(n−3).

Thus

−n2

2

∑

ijk

hijkb
∗
i h

jk =
1

4

∑

ijklmrαβ

hijkhlαβhilhjkhαrhβmGrGm + O(n−1) (C.18)

Appendix D: Moments of multivariate normal distribu-

tions

A d × 1 random vector u is according to N(0, Σ), where Σ ≡ (µij), and 0 is a d × 1 null

vector. Let µijkq and µijkqrs denote the fourth and sixth central moments of multivariate

normal distribution N(0, Σ). Then we have the formula concerning the moments:

µijkq = µijµks + µikµjs + µisµjk,

µijkqrs = µijµkqµrs + µijµkrµqs + µijµksµqr

+ µikµjqµrs + µikµjrµqs + µikµjsµqr

+ µiqµjkµrs + µiqµjrµks + µiqµjsµkr

+ µirµjkµqs + µirµjqµks + µirµjsµkq

+ µisµjkµqr + µisµjqµkr + µisµjrµkq

Appendix E:Auxiliary calculation on the Laplace approx-

imations

(iii) From Lemma 12 (d),

E

[
n2

72

∑
hijkhqrszizjzkzqzrzs

]

=
n2

72

∑
hijkhqrsE[zizjzkzqzrzs]

=
n2

72

∑
hijkhqrs

(
µijkqrs +

∑

[m1,m2]6

bm1bm2µm3m4m5m6 +
∑

[l1,l2,l3,l4]6

bl1bl2bl3bl4µl5l6 + bibjbkbqbrbs

)

=
n2

72

∑

ijkqrs

hijkhqrsµijkqrs +
n2

72

∑

ijkqrs

hijkhqrs

( ∑

[m1,m2]6

bm1bm2µm3m4m5m6

)
+ O(n−3) (E.1)
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Because
∑

[m1,m2]6

bm1bm2µm3m4m5m6 = bibjµkqrs + bibkµjqrs + bibqµjkrs + bibrµjkqs + bibsµjkqr

+ bjbkµiqrs + bjbqµikrs + bjbrµikqs + bjbsµikqr + bkbqµijrs

+ bkbrµijqs + bkbsµijqr + bqbrµijks + bqbsµijkr + brbsµijkq,

n2

72

∑
hijkhqrs

( ∑

[m1,m2]

bm1bm2µm3m4m5m6

)
is devided into two kinds of terms. Hence, the second

term in (E.1) is

n2

72

∑
hijkhqrs

( ∑

[m1,m2]

bm1bm2µm3m4m5m6

)

=
n2

72
· 6

∑
hijkhqrsbibjµkqrs +

n2

72
· 9

∑
hijkhqrsbibqµjkrs.

Conseqently, we have

E

[
n2

72

∑
hijkhqrszizjzkzqzrzs

]

=
n2

72

∑
hijkhqrsµijkqrs +

n2

12

∑
hijkhqrsbibjµkqrs +

n2

8

∑
hijkhqrsbibqµjkrs.

(iv) From Lemma 12 (c),

E
[
− n

120

∑
hijkqrzizjzkzqzr

]
= − n

120

∑
hijkqrE[zizjzkzqzr]

= − n

120

∑

ijkqr

hijkqr

(∑

[m1]5

bm1µm2m3m4m5

)
+ O(n−3)

= − n

120
· 5

∑

ijkqr

hijkqrbiµjkqr + O(n−3)

= − n

24

∑

ijkqr

hijkqrbiµjkqr + O(n−3).

(v) From Lemma 12 (d)

E
[
− n

720

∑
hijkqrszizjzkzqzrzs

]
= − n

720

∑
hijkqrsE[zizjzkzqzrzs]

= − n

720

∑
hijkqrsµijkqrs + O(n−3).

(vi) From Lemma 12 (e),

E

[
n2

144

∑
hijkhqrstzizjzkzqzrzszt

]

=
n2

144

∑
hijkhqrstE[zizjzkzqzrzszt]

=
n2

144

∑
hijkhqrst

(∑

[m1]7

bm1µm2m3m4m5m6m7

)
+ O(n−3)

=
n2

144
· 3

∑
hijkhqrstbiµjkqrst +

n2

144
· 4

∑
hijkhqrstbqµijkrst + O(n−3)

=
n2

48

∑
hijkhqrstbiµjkqrst +

n2

36

∑
hijkhqrstbqµijkrst + O(n−3).
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(vii) From Lemma 12 (f),

E

[
n2

1152

∑
hijkqhrstuzizjzkzqzrzsztzu

]
=

n2

1152

∑
hijkqhrstuE[zizjzkzqzrzsztzu]

=
n2

1152

∑
hijkqhrstuµijkqrstu + O(n−3).

(viii) From Lemma 12 (f),

E

[
n2

720

∑
hijkhqrstuzizjzkzqzrzsztzu

]
=

n2

720

∑
hijkhqrstuµijkqrstu + O(n−3).

(ix) From Lemma 12 (g),

E

[
− n3

1296

∑
hijkhqrshtuvzizjzkzqzrzsztzuzv

]

= − n3

1296

∑
hijkhqrshtuv

(∑

[m1]9

bm1µm2m3m4m5m6m7m8m9

)
+ O(n−3)

= − n3

1296
· 9

∑
hijkhqrshtuvbiµjkqrstuv + O(n−3)

= − n3

144

∑
hijkhqrshtuvbiµjkqrstuv + O(n−3).

(x) From Lemma 12 (h),

E

[
− n3

1728

∑
hijkhqrshtuvwzizjzkzqzrzsztzuzvzw

]
= − n3

1728

∑
hijkhqrshtuvwµijkqrstuvw + O(n−3)

(xi) From Lemma 12 (i),

E

[
n4

31104

∑
hijkhqrshtuvhwxyzizjzkzqzrzsztzuzvzwzxzy

]

=
n4

31104

∑
hijkhqrshtuvhwxyµijkqrstuvwxy + O(n−3).

The inequality in Theorem 5.

1 +
a∗1n

n
+

a∗2n

n2
+

a∗3n

n3

1 +
a1n

n
+

a2n

n2
+

a3n

n3

= 1 +
a∗1n − a1n

n
+

a∗2n − a2n − a1n(a∗1n − a1n)

n2
+ O(n−3),

where O(n−3) is given by

[
a∗3n

n3
− a3n

n3
−

(
a1n

n
+

a2n

n2
+

a3n

n3

)(
a∗2n − a2n − a1n(a∗1n − a1n)

n2

)
−

(
a2n

n2
+

a3n

n3

)(
a∗1n − a1n

n

)]

× 1

1 +
a1n

n
+

a2n

n2
+

a3n

n3
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Proof.

1 +
a∗1n

n
+

a∗2n

n2
+

a∗3n

n3

1 +
a1n

n
+

a2n

n2
+

a3n

n3

−
(

1 +
a∗1n − a1n

n
+

a∗2n − a2n − a1n(a∗1n − a1n)

n2

)

=

[
1 +

a∗1n

n
+

a∗2n

n2
+

a∗3n

n3
−

(
1 +

a∗1n − a1n

n
+

a∗2n − a2n − a1n(a∗1n − a1n)

n2

)(
1 +

a1n

n
+

a2n

n2
+

a3n

n3

)]

× 1

1 +
a1n

n
+

a2n

n2
+

a3n

n3

Therefore this inequality is proved.
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