
Discussion Paper Series 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Discussion Papers can be downloaded: 

http://www1.tcue.ac.jp/home1/c-gakkai/img_dp/dp24-01 

 

 

 

 

 

 

 

 

 

 

 

 

2024-01 

 

Deriving Reference-Dependent Utility Function 

from Pareto or Lognormal Income Distribution: 

 The Role of Migration in Evolution 

 

Yonemoto, Kiyoshi 

 

 January 9, 2025 



Deriving Reference-Dependent Utility Function 

from Pareto or Lognormal Income Distribution: 

 The Role of Migration in Evolution 

 

Kiyoshi Yonemoto 

 

Abstract 

This study demonstrates that reference-dependent utility naturally follows from an 

evolutionary process of the individuals whose income distribution is Pareto or lognormal; 

each distribution, which has been commonly observed in the real economy, results in a 

function of gain relative to the reference point. A simulation analysis, where the 

dependency actually arises through migration, is carried out to illustrate the process.  
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1. Introduction 

In most economic analyses, the (direct or indirect) utility of a household or an 

individual is simply assumed to be a function of the absolute level of consumption or 

income. However, it has been empirically well known (and theoretically often assumed,) 

since Veblen (1899) and Duesenberry (1949), that the utility is essentially relative and 

there exists any reference point; the discussions proposed by Sen (1966) and Stigler and 

Becker (1977) as well as the findings of Easterlin (1973) and Kahneman and Tversky 

(1979) have been along those lines. 

Nevertheless, the reference-dependency is still regarded as a kind of anomaly and 

seldom used or assumed in the practical policy analyses such as that of spatial economics. 

This study starts from two conventional income distributions, both of which have been 

widely recognized and put to use, and intends to derive reference-dependent utility 

functions as their natural outcomes. The first distribution is that of Pareto (1896), whose 

structure has been explored by Champernowne (1953) and his successors. The second is 

the lognormal distribution, which was first used to explain the distribution of income or 

firm size by Gibrat (1932), developed by Aitchison and Brown (1957), interpreted with a 

stochastic model by Pestieau and Possen (1979), empirically examined (arguing its 

applicability to income and consumption distributions) by Battistin et al. (2009), and 



reinvestigated by Akhundjanov and Toda (2020). Moreover, some argue the conditions 

in which either or both of the distributions characterize the actual situation such as 

Aoyama et al. (2004) and Botazzi (2009).1 

While most theoretical works consider that people’s preference or utility function is 

simply given and the income distribution is somewhat a result of their optimizing 

behavior, this study does the opposite; utility function, or a function which at least 

describes the migration behavior of the people, arises from the income distribution 

through evolution. Even Darwin (1859) has already mentioned the biological evolution 

of instinct in addition to his discussions on those of physical organs. The developments 

in evolutionary psychology such as Hamilton (1964), Trivers (1971), Dawkins (1976), and 

Cosmides and Tooby (1992) have further characterized the role of adaptation in the 

formation of psychological mechanisms. The works in evolutionary game theory, 

elaborated by Smith and Price (1973) and their successors, have formally modeled the 

process (see Vincent and Brown (2005) and Nowak (2006) for their summary.) Moreover, 

 

1 It is well known that, in many actual cases, the Pareto distribution is valid around the domain of higher income 

while the lognormal fits around the other parts. Moreover, some empirical researches find deviations particularly 

around the both tails of the distribution. In search of better specification, Salem and Mount (1974) applied the 

gamma distribution, Singh and Maddala (1976) and Dagum (1977) introduced their own types, Kloek and van Dijk 

(1978) examined the fitness of the generalized gamma, the log t and others, and McDonald (1984) used the 

generalized beta, along with various propositions, as has been summarized by Kleiber and Kotz (2003). However, 

this study sticks to the traditional two distributions as the first attempt to propose the basic system. 



some studies in behavioral economics have already applied similar idea to their models. 

Cole et al. (1992) has taken matching, capital accumulation, and bequest into account in 

formulating the preference. McDermott et al. (2008) has characterized the evolutionary 

origin of the attitude toward risk in prospect theory. Apesteguia and Ballester (2009) has 

investigated the existence of the reference dependency. De Fraja (2009) has argued that 

the origin of human utility is related to the courtship behavior. And Apicella et al. (2014) 

has empirically shown the evolutionary origins of the endowment effect. 

However, as far as the author is aware, there are few studies that have formally 

argued the origin of the reference-dependent utility based on well-known income 

distributions along with the migration behavior. This study explores its possibility using 

simple models.2 

The rest of the paper is organized as follows: section 2 presents the model based on 

Pareto distribution and the corresponding outcomes. Section 3 investigates the case of 

 

2 In the fields of economics without a consideration for space or migration, the relationship between utility functions 

and probability (distributions) has been investigated in many ways for decades. The works such as Mosteller and 

Nogee (1951) and Anscome and Aumann (1963), conducted in prior to Kahneman and Tversky (1979), define the 

utility directly over probability and the amounts consumed (and estimate its parameters.) Another type of study, 

such as Charles-Cadogan (2018), which derives the reference-dependent preference taking the random growth of 

personal income into account, contains some probability variables in it. However, the study of this paper is none of 

the aforementioned types. The distributions are of the actual income over people but not necessarily regarded as 

“probability” distributions. And the notion of probability is, in effect, used only in calculating the 

survival/reproduction rate in evolution. 



lognormal distribution. Section 4 exhibits a numerical example of evolution. Section 5 

concludes. 

 

2. The Model Based on Pareto Distribution 

2.1 A Simple Setting 

Suppose that there are geographical regions (or groups of people) 𝑖 = 1, 2, ⋯ , 𝐼. The 

total population of region 𝑖 in period 𝑡 is 𝑛𝑖𝑡. Within each region, the physical ability 

(or income) 𝑦 differs among the people and conforms to the Pareto distribution. The 

cumulative distribution function is: 

 𝐹𝑖𝑡 = 1 − (
𝑦𝑖

𝑦
)

𝛼𝑖𝑡

, (1) 

where 𝑦𝑖 is a scale parameter, which represents the lowest value of 𝑦 in region 𝑖, and 

𝛼𝑖𝑡  is a shape parameter in region 𝑖  in period 𝑡 .3 Then, the corresponding density 

function is, 

 𝑓𝑖𝑡 = 𝛼𝑖𝑡𝑦−𝛼𝑖𝑡−1𝑦𝑖
𝛼𝑖𝑡 . (2) 

 The population of those with ability 𝑦 in region 𝑖 is, multiplying by 𝑛𝑖𝑡, 

 𝑛𝑖𝑡𝑓𝑖𝑡 = 𝑛𝑖𝑡𝛼𝑖𝑡𝑦−𝛼𝑖𝑡−1𝑦𝑖
𝛼𝑖𝑡 . (3) 

 

3 In this subsection, consider the case in which only the shape parameter changes over time. The structure being 

kept, one can still say the Pareto distribution characterizes the economy. 



In the next period, as 𝛼𝑖𝑡  and total population 𝑛𝑖𝑡  change to 𝛼𝑖(𝑡+1)  and 𝑛𝑖(𝑡+1) , 

respectively, the population of those with 𝑦 in region 𝑖 becomes: 

 𝑛𝑖(𝑡+1)𝑓𝑖(𝑡+1) = 𝑛𝑖𝑡𝛼𝑖(𝑡+1)𝑦−𝛼𝑖(𝑡+1)−1𝑦𝑖
𝛼𝑖(𝑡+1) . (4) 

If each period 𝑡 represents the corresponding “generation” of the people and 𝑦 is 

perfectly inherited or socially fixed over generations, 4  an individual in period 

(generation) 𝑡 will recognize the number his/her descendants in period 𝑡 + 1, or the rate 

of survival/reproduction:5 

 𝑣𝑖𝑡 =
𝑛𝑖(𝑡+1)𝑓𝑖(𝑡+1)

𝑛𝑖𝑡𝑓𝑖𝑡
=

𝑛𝑖(𝑡+1)𝛼𝑖(𝑡+1)

𝑛𝑖𝑡𝛼𝑖𝑡
𝑦𝛼𝑖𝑡−𝛼𝑖(𝑡+1)𝑦𝑖

−(𝛼𝑖𝑡−𝛼𝑖(𝑡+1)) 

      = 𝐺𝑖𝑡 (
𝑦

𝑦𝑖
)

𝐴𝑖

, 

(5) 

where 𝐴𝑖 ≡ 𝛼𝑖𝑡 − 𝛼𝑖(𝑡+1) , which is assumed to be constant over time, and 𝐺𝑖𝑡 ≡

𝑛𝑖(𝑡+1) 𝛼𝑖(𝑡+1) (𝑛𝑖𝑡𝛼𝑖𝑡)⁄ .  

If 𝐴𝑖 > 0  and 𝑦 > 1 , 𝑣𝑖𝑡  is positively associated with 𝑦 𝑦𝑖⁄ ; one’s 

survival/reproduction rate depends on his/her ability relative to the reference point in 

each region. One possible mechanism underlying (5) is the chance of mating in a group. 

Actually, most theoretical (as well as empirical) studies, such as Becker (1973 and 1974), 

 

4 For the general intergenerational immobility, refer to Corak (2004), for example. 

5 One can think that, if 𝑦 is interpreted as the “income” but not the “ability,” it may also grow in sufficient length 

of time. However, in that case, by raising all 𝑦s and 𝑦𝑖s at the same rate, the system does not essentially change. 

The fact is in accordance with the arguments of the Easterlin’s paradox. To make the model as simple as possible, 

the factor is omitted on this paper. 



Mortensen (1988), and Browning et al. (2014), suggest that mating is typically “positive 

assortative” and in that case, some people with relatively low ability can be left unmated 

when there are (opportunity) costs of searching or being mated (e.g. married.)6  

If the behavior of an individual (e.g. migration) is such that he/she seeks higher 𝑣𝑖𝑡, 

it works as if it were an (indirect) utility function characterizing his/ migration behavior.7 

Note that it has a typical reference-dependent form.8 Further behavioral background 

and an example of the process of utility formation are to be presented in Section 4. 

 

2.2 Extension 

Next, consider the case in which 𝑦𝑖 may change over time, in addition to 𝛼𝑖𝑡. A simple 

 

6 Among the other significant literatures on matching and its stability are Gale and Shapley (1962), Roth and 

Sotomayeor (1990), Eeckout (2000), and Unayama (2014). One may note that, nowadays, the crude reproduction 

rate seems to be negatively related to the income level in most countries as Birg (2002) argues and calls the 

phenomenon “demo-economic paradox.” Guinnane (2011) has shown that, before the 19th century, the elasticity of 

fertility with respect to income had been positive but then the sign switched in Europe and North America. Alfani 

and García Montero (2022) indicates, even the wealth distribution in the 13th century can be characterized well by 

the lognormal distribution. Moreover, Myrskylä et al. (2009) has found that, in highly developed countries (in terms 

of human development index,) further development can reverse the declining trend in fertility. Taking them into 

account, this study illustrates the system in which the evolution process is stable (i.e. Ai > 0.) 

7 As Dufwenberg et al. (2011) summarizes, a direct utility function is more difficult to handle than its indirect 

counterpart in the context of reference-dependency because the former is defined on consumption bundle; for 

example, usually a person has envy at others’ opportunity of consumption but not the (final) consumption level of 

each good such as a food he/she dislikes. As a result, the latter (or one-good model) is often used, being more 

convenient to describe the reference-dependent situations. 

8 One may notice that this form is a family of those presented by Charles-Cadogan (2018) or Yonemoto (2021). 



result is obtained when:9 

 𝑦𝑖(𝑡+1) = 𝑦𝑖𝑡
𝛽𝑖(𝑡+1) , (6) 

where 𝛽𝑖(𝑡+1) ≥ 1. Then, (5) can be rewritten as: 

 𝑣𝑖𝑡 =
𝑛𝑖(𝑡+1)𝑓𝑖(𝑡+1)

𝑛𝑖𝑡𝑓𝑖𝑡
=

𝑛𝑖(𝑡+1)𝛼𝑖(𝑡+1)

𝑛𝑖𝑡𝛼𝑖𝑡
𝑦𝛼𝑖𝑡−𝛼𝑖(𝑡+1)𝑦𝑖𝑡

𝛽𝑖(𝑡+1)𝛼𝑖(𝑡+1)−𝛼𝑖𝑡 

      = 𝐺𝑖𝑡𝑦(𝛽𝑖(𝑡+1)−1)𝛼𝑖(𝑡+1) (
𝑦

𝑦𝑖𝑡
)

𝛼𝑖𝑡−𝛽𝑖(𝑡+1)𝛼𝑖(𝑡+1)

. 

(5’) 

That is, 𝑦 is evaluated by the absolute part as well as the relative one. Instead of 

deriving from (6), one can directly assume (5’). For example, it is more likely that the 

absolute income (ability) is somewhat important in survival while the relative position 

may matter in mating. Keeping consistency with (2), one may write: 

 𝑣𝑖𝑡 = 𝐺𝑖𝑡𝑦(1−𝜂𝑖(𝑡+1))𝐴𝑖 (
𝑦

𝑦𝑖𝑡
)

𝜂𝑖(𝑡+1)𝐴𝑖

, (7) 

where 0 ≤ 𝜂𝑖(𝑡+1) ≤ 1  corresponds to (𝛼𝑖𝑡 − 𝛽𝑖(𝑡+1)𝛼𝑖(𝑡+1)) 𝐴𝑖⁄  in (5’). In the following 

case in particular, 

 𝛽𝑖𝑡 = (1 − 𝜂)
𝐴𝑖

𝛼𝑖𝑡
+ 1, (8) 

𝜂 is a constant and (7) can be described even simpler: 

 𝑣𝑖𝑡 = 𝐺𝑖𝑡𝑦(1−𝜂)𝐴𝑖 (
𝑦

𝑦𝑖𝑡
)

𝜂𝐴𝑖

= 𝐺𝑖𝑡 (
𝑦

𝑦𝑖𝑡
𝜂

)

𝐴𝑖

, (5”) 

which is to be used in the simulation in section 4. 

 
9 In the context of the arguments of footnote (5), this case corresponds to the situation in which 𝑦𝑖 grows relative 

to 𝑦, when all 𝑦s and 𝑦𝑖s are rising at the same rate. 



3. The Model Based on Lognormal Distribution 

3.1 A Simple Setting 

If the income is distributed lognormal, the density function is, 

 𝑓𝑖𝑡 =
1

√2𝜋 ∙ 𝜎𝑦
exp (−

(ln 𝑦 − ln 𝑚𝑖𝑡)2

2𝜎2
). (9) 

where 𝜎 and 𝑚𝑖𝑡 are parameters.10 Note that 𝑚𝑖𝑡 corresponds to the median of the 

lognormal distribution. Then, the probability of survival/reproduction is, 

 𝑣̃𝑖𝑡 =
𝑛𝑖(𝑡+1)𝑓𝑖(𝑡+1)

𝑛𝑖𝑡𝑓𝑖𝑡

=
𝑛𝑖(𝑡+1)

𝑛𝑖𝑡
exp (

−(ln 𝑦 − ln 𝑚𝑖(𝑡+1))
2

+ (ln 𝑦 − ln 𝑚𝑖𝑡)2

2𝜎2
) 

       =
𝑛𝑖(𝑡+1)

𝑛𝑖𝑡
exp (

𝛾𝑖(2ln 𝑦 − 2 ln 𝑚𝑖𝑡 − 𝛾𝑖)

2𝜎2
), 

(10) 

where 𝛾𝑖 ≡ ln 𝑚𝑖(𝑡+1) − ln 𝑚𝑖𝑡  for 𝑚𝑖𝑡  growing at a constant rate. (10) can be further 

rewritten as: 

 𝑣̃𝑖𝑡 = 𝐺̃𝑖𝑡 (
𝑦

𝑚𝑖𝑡
)

𝐴̃𝑖

, 

where    𝐴̃𝑖 ≡
𝛾𝑖

𝜎2
    and    𝐺̃𝑖𝑡 ≡

𝑛𝑖(𝑡+1)

𝑛𝑖𝑡
exp (−

𝛾𝑖
2

2𝜎2
). 

(11) 

(11) is reference-dependent and similar to (5) in the last section. In this lognormal 

case, the reference point is the median (𝑚𝑖𝑡). The other parameter 𝜎, which constitutes 

𝐴̃𝑖 and 𝐺̃𝑖𝑡, is associated with the variance of the distribution. 

 

 

 

10 In this subsection, suppose only 𝑚𝑖𝑡 changes over time 



3.2 Extension 

Now, let us see if it is possible for 𝑦 and 𝑚𝑖𝑡 to have different degrees such as in 

subsection 2.2. Similar to (7), one can directly assume that there is another factor 

representing the absolute effect: 

 
𝑣̃𝑖𝑡 = 𝐺̃𝑖𝑡𝑦(1−𝜂̃𝑖(𝑡+1))𝐴̃𝑖 (

𝑦

𝑚𝑖𝑡
)

𝜂̃𝑖(𝑡+1)𝐴̃𝑖

= 𝐺̌𝑖𝑡 (
𝑦

𝑚
𝑖𝑡

𝜂̃𝑖(𝑡+1)
)

𝐴̌𝑖

, (12) 

where 0 ≤ 𝜂𝑖(𝑡+1) ≤ 1. Actually, (12) is obtained when the change in 𝑚𝑖𝑡 is described 

more generally as follows: 

 𝑚𝑖(𝑡+1) = 𝑒𝛾̃𝑖𝑡𝑚𝑖𝑡
𝛽̃𝑖𝑡 , (13) 

where 𝛽 ≤ 1, 𝛾̃𝑖𝑡 > 0.11 Then, (10) is rewritten as: 

 𝑣̃𝑖𝑡 =
𝑛𝑖(𝑡+1)

𝑛𝑖𝑡
exp (

[(𝛽̃𝑖𝑡 − 1) ln 𝑚𝑖𝑡 + 𝛾̃𝑖𝑡][2ln 𝑦 − (𝛽𝑖𝑡 + 1) ln 𝑚𝑖𝑡 − 𝛾̃𝑖𝑡]

2𝜎2
). (10’) 

(10’) can be expressed as: 

 
𝑣̃𝑖𝑡 = 𝐺̌𝑖𝑡 (

𝑦

𝑚
𝑖𝑡

𝜂̌𝑖(𝑡+1)
)

𝐴̌𝑖𝑡

, (11’) 

where 

 𝐴̌𝑖𝑡 ≡
(𝛽𝑖𝑡 − 1) ln 𝑚𝑖𝑡 + 𝛾̃𝑖𝑡

𝜎2
,  

𝐺̌𝑖𝑡 ≡
𝑛𝑖(𝑡+1)

𝑛𝑖𝑡
exp (−

𝛾̃𝑖𝑡[(𝛽𝑖𝑡 − 1) ln 𝑚𝑖𝑡 + 𝛾̃𝑖𝑡]

2𝜎2
) ,    and    𝜂̌𝑖(𝑡+1) ≡

𝛽𝑖𝑡 + 1

2
. 

(14) 

 

11 Because it requires smaller 𝛽̃, while 𝑒𝛾̃𝑖𝑡 may grow, the interpretation of (13) is slightly harder than in the case 

of (6). One can also consider the case in which 𝛽̃ > 1 but it may result in 𝜂̌ > 1 in (11’) and the function may depend 

too much on the reference point. 



In the following particular case,  

 (𝛽𝑖𝑡 − 1) ln 𝑚𝑖𝑡 + 𝛾̃𝑖𝑡 = 𝛿𝑖 , (15) 

𝐴̌𝑖𝑡 in (11’) becomes constant: 

 
𝑣̃𝑖𝑡 = 𝐺̌𝑖𝑡 (

𝑦

𝑚
𝑖𝑡

𝜂̌𝑖(𝑡+1)
)

𝐴̌𝑖

, (11”) 

where 

 𝐴̌𝑖 ≡
𝛿𝑖

𝜎2
,    𝐺̌𝑖𝑡 ≡

𝑛𝑖(𝑡+1)

𝑛𝑖𝑡
exp (−

𝛾̃𝑖𝑡𝛿𝑖

2𝜎2
). (16) 

Moreover, if 𝛽𝑖𝑡 = 𝛽, 𝜂̌𝑖(𝑡+1) also becomes constant: 

 
𝑣̃𝑖𝑡 = 𝐺̌𝑖𝑡 (

𝑦

𝑚𝑖𝑡
𝜂̌

)

𝐴̌𝑖

, (11’’’) 

(11’’’) is similar to (5”) in subsection 2.2; it differs only in the definition of the reference 

point. 

 

4. Characterization of the Evolution 

4.1 Separate Locations 

Each of the functions derived in the preceding sections represents the corresponding 

probability of survival/reproduction but is not always called a “utility” function in 

economic theory. Nevertheless, if any people’s behavior, such as migration, is consistent 

with it (e.g. they have a “correct” expectation on the parameters,) they or their 



descendants are more likely to be sustained in the successive periods. As a result, in the 

long run (through an evolutionary process,) the function is expected to be actually 

representing the people’s behavior; in later periods, given a “utility” function that have 

been already formed, each individual may act so as to achieve higher its value or the 

level of his/her “satisfaction.”12 

Illustrate the process with a simple example. Suppose the actual of rate of 

survival/reproduction is characterized by (5”) in subsection 2.2. Consider the case in 

which most people do not know the true 𝜂 but have a priori guess 𝜂 ∈ [𝜂, 𝜂]. Then, the 

corresponding evaluation is: 

 𝑣̆𝑖𝑡 = 𝐺𝑖𝑡𝑦𝐴𝑖𝑦𝑖𝑡
−𝜂̆𝐴𝑖 , (17) 

Suppose that there are only two regions ( 𝑖 = 1, 2 ) and 𝐴2 > 𝐴1  without loss of 

generality. The perceived difference in utility between the two regions is: 

 𝑣̆2𝑡 − 𝑣̆1𝑡 = 𝐺2𝑡𝑦𝐴2𝑦2𝑡
−𝜂̆𝐴2 − 𝐺1𝑡𝑦𝐴1𝑦1𝑡

−𝜂̆𝐴1. (18) 

With no error terms in (18), for each level of 𝜂, 𝑦 = 𝑦̆𝜂̆ that makes the difference zero, 

is derived:13 

 

12 Regional models those assume reference-dependency include Yonemoto (2021), for example. 

13 With error terms, people’s location choice is described by a discrete-choice model and they are divided into the 

regions more smoothly. Then, as has been argued in Yonemoto (2023), the resulting distribution (of each region) is 

also approximated well by the Pareto (or lognormal) distribution while the analysis is made more complex. In the 

case of the complete separation described by (19), the distribution looks truncated within each region while the one 



 

𝑦̆ℎ̆ = (
𝐺1𝑡

𝐺2𝑡
)

1
𝐴2−𝐴1

(
𝑦2𝑡

𝐴2

𝑦1𝑡
𝐴1

)

𝜂̆
𝐴2−𝐴1

. (19) 

Differentiating (16) with respect to 𝑦, 

 
𝑑(𝑣̆2𝑡 − 𝑣̆1𝑡)

𝑑𝑦
= 𝐴2𝐺2𝑡𝑦𝐴2−1𝑦2𝑡

−𝜂̆𝐴2 − 𝐴1𝐺1𝑡𝑦𝐴1−1𝑦1𝑡
−𝜂̆𝐴1 . (20) 

Evaluating at 𝑣̆2𝑡 = 𝑣̆1𝑡, 

 
𝑑(𝑣̆2𝑡 − 𝑣̆1𝑡)

𝑑𝑦
|

𝑣̆2𝑡=𝑣̆1𝑡

=
𝐴2 − 𝐴1

𝑦
𝑣̆1𝑡 > 0. (21) 

That is, the people tend to locate separately according to their ability (income) levels. 

As a result, it is expected that 𝑦2𝑡 > 𝑦1𝑡.14 By (17), each 𝑣̆𝑖𝑡 is a decreasing function of 

𝜂 (for 𝑦𝑖𝑡 > 1.) Also, differentiating (18) with respect to 𝜂, 

 
𝑑(𝑣̆2𝑡 − 𝑣̆1𝑡)

𝑑𝜂
= −𝐴2𝐺2𝑡𝑦𝐴2𝑦2𝑡

−𝜂̆𝐴2 ln 𝑦2𝑡 + 𝐴1𝐺1𝑡𝑦𝐴1𝑦1𝑡
−𝜂̆𝐴1 ln 𝑦1𝑡 . (22) 

Again, evaluating at 𝑣̆2𝑡 − 𝑣̆1𝑡, 

 
𝑑(𝑣̆2𝑡 − 𝑣̆1𝑡)

𝑑𝜂
|

𝑣̆2𝑡=𝑣̆1𝑡

= (−𝐴2 + 𝐴1)𝑣̆1𝑡 ln 𝑦1𝑡 < 0. (23) 

Thus, at least around the vicinity of the intersection of 𝑣̆1𝑡 and 𝑣̆2𝑡, an individual 

with higher 𝜂 tends to evaluate region 2 relatively lower.  

By (21) and (23), a typical “border” (𝑣̆1𝑡 = 𝑣̆2𝑡) locus can be drawn on a diagram with 

𝑦 − 𝜂 axes (see Figure 1.) The individuals in the upper left area of the locus actually 

 

in the entire economy is not far from the original at least in the initial periods. 

14 Actually, then, 𝑦2𝑡 = 𝑦̆ℎ̆ can be regarded as a function of people’s migration. For simplicity, within this study, 

people expect that 𝑦2𝑡 is constant or changes (exogenously) in a similar manner to 𝑦1𝑡. 



settle down in region 1 while the rest others locate in region 2. Note that 𝜂 has a true 

value 𝜂, which correctly makes (17) correspond to the actual survival/reproduction rate 

(5’’); 𝑦̆𝜂𝑡 denotes the corresponding 𝑦 at the border. The individuals in the shaded areas 

are actually “wrong” in their location choice. Those in the lower shaded area are in region 

2 while it is more appropriate to be in region1; in the upper shaded area, the opposite is 

the case.  

Note that this type of sorting does not occur with a single-region setting; as people 

have no chance to choose, survival/reproduction occurs automatically without any 

process of adaptation. In this two-region setting, people reveal their preferences  

 

Figure 1: Separate Residential Locations 
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through migration, causing evolution as a result. 

The actual survival/reproduction rate 𝑣𝑖𝑡  of an individual whose subjective 

assessment of the reference dependency is 𝜂 > (<) 𝜂  while 𝑦 > (<) 𝑦̆𝜂𝑡  is, because 

he/she decides to live in region 1 (2,) lower than the one in region 2 (1.) by: 

 |𝑣2𝑡 − 𝑣1𝑡| = |𝐺2𝑡𝑦𝐴2𝑦2𝑡
−𝜂𝐴2 − 𝐺1𝑡𝑦𝐴1𝑦1𝑡

−𝜂𝐴1|. (24) 

As a result, it is harder for those individuals to survive/reproduce than the others, 

who correctly choose the locations. Thus, in later periods, the share of the individuals 

whose subjective 𝜂  is close to 𝜂  becomes higher; the locational decisions cause 

evolution in preference. 

 

4.2 A Numerical Example 

Illustrate the first step of the process with a simple example. The values of variables 

and parameters are set as follows: 𝑦 ≥ 2.0 (drawn on the figure up to 𝑦 = 20.0,) 𝛼11 =

0.4, 𝛼21 = 0.8, 𝐴1 = 0.004, 𝐴2 = 0.008, 𝜂 = 0.7 (0.6 ≤ 𝜂 ≤ 0.8; uniformly distributed,) 

and 𝐺1𝑡 = 𝐺2𝑡 = 𝐺 = 0.99. 

The rate of excess decline, which is (24) divided by the optimal 𝑣𝑖𝑡 (whichever higher 

of 𝑣1𝑡 and 𝑣2𝑡,) is calculated along 𝜂 axis as well as that of 𝑦 (Figures 2 and 3.) Note 

that the figures are depicted upside down in order to emphasize the actual effect on 



population. Those with preference around 𝜂  has higher survival/reproduction rate. 

Interestingly, when the rate of excess decline is observed along 𝑦 axis, it has two peaks 

(or the “bottoms” as they look on the figure,) not around at 𝑦̆𝜂𝑡 but neighboring domains; 

physically indifferent people are not much affected but mentally “erroneous” people can 

be. 

 

 

 

Figure 2: Numerical Example of Excess Decline (𝜂 axis, Flipped Vertically) 

 

 

Figure 3: Numerical Example of Excess Decline (𝑦 axis, Flipped Vertically) 
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5. Concluding Remarks 

In this study, reference-dependent utility function has been derived consistently from 

Pareto and lognormal distributions. Also, an example of an evolutionary process, where 

the dependency actually arises through migration, has been presented. A hypothesis 

which is familiar to behavioral economists has been associated with one of the most 

traditional empirical findings in economics. 

Note that this study is not intended for an interest on mathematical possibility of 

modelling or credulous application of Darwinism, as has been criticized by many 

including Rose and Rose (2000) and Richardson (2007), but a part of efforts to 

theoretically explore the origin of our preference and migration, which have been 

conducted for millennia. 

There can be extensions and applications, which have not been included in this paper, 

in many directions. First, elements other than envy (or the relative position to the others) 

in human preference or society, such as altruism (voluntary cooperation, alms, or the 

role of agglomeration) can be introduced to the modeling. Second, more general 

simulation analyses, such as the one with smoother discrete-choice migrations over 

many regions, might be conducted. Third, a comparison to the preceding studies of the 

type deriving income distributions from the behaviors of individuals with traditional 



utility (preference) assumptions would be made. Empirical or experimental studies on 

the models presented in this paper are also possible. 
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