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1. Introduction

This study theoretically characterizes the optimal control path of a two-location

economy in which production/consumption has a positive externality while infectious

disease, such as COVID-19, has a negative (dynamic) externality.

The model is based on Bobashev et al. (2011), Bethune and Korinek (2020), Alvarez

et al. (2020), and Eichenbaum et al. (2020), Akamatsu, et al. (2020) and Olivares et al.

(2020), which follow the seminal works of Kremack and McKendrick (1927) and

Anderson and May (1991), but taking into account the fact that COVID-19 has been

mostly transmitted between regions not by migrants but by travelers or commuters, it

assumes the residents do not migrate. Instead, it assumes the disease is transmitted

through the economic activities of the residents over the regions as well as within each

region.

2. The Model

The basic model is described as follows. Consider an economy with two locations: i =

1,2 (e.g., the center and the suburb in a city.) The population of region i is denoted by

N; and assumed to be constant over time. The number of susceptible, infected, and

recovered residents in location i in period t are denoted by S;, [;;, and Ry,



respectively. Their changes are affected by the domestic activity levels of the residents
of type Z = S,I,R, those of the residents who visit the other location (and back home,)
and those of the residents who are visiting from the other region, represented by Byiis,
Blijt’ and ﬁzjit:
Sit = ~(BouelieSic + BrijeljeSic + BajieljeSic)
Iie = BoiielicSic + BaijeljtSic + BajicljeSic — vilit, 1)
Ry = vilie
where y; istherate of recovery. Also, assume that each activity level is a linear function

of the consumption of the corresponding good.

_ S . _ S _ S I
Boiit = BoXiieXiier  Puije = PiXijeXjjer  Bajie = BaXiitXjies

)
x4 <1, Z=SR.
The utility is characterized by:
z u(xizit,xizjt; Xit,th) for Z=S,R,
Ui = VA z . _ ) (3)
u(xiit,xijt, Xitl)(]'t) —c for Z=1
where production/consumption externality X;. is characterized by,
Xie = Z(d’c + PoZixly + 0225exf), Z=S,1LR. 4)
Z
Specify u as follows:
a a
u(xin xE e X Xie) = Xee(xE)” + 06X (xF,)", (5)

For the command optimum, the maximand 1is,



T
V= f e st Z{Situ(xisit’ xisjt; Xit'th) + Iit[u(x{it» xiljt; Xit»th) - C]
0 7

(6)
+Riu(xfe, xf Xie, Xje)}dt — DU, Lr), j # i.
The Hamiltonian is:
H = e P{(N; = Iy — Ri)u(xise X205 X6 Xae)

+he[u(xise X265 Xi6X2e) — €] + Ryeu(xTye, X1505 Xi, Xor)
+(Nz = It — Rp )u(x3e, X315 Xa0 X1t
e [u(xae, X3165 Xae, X1¢) — €] + Rot(X55e, X516 Xoes X10)} (7)
A ANy — It = Ri)[Bo 11ehie + (Braze + Ba210)lae] — Vilie}
e {(N2 — Le = Rop)[Bo 22¢loe + (Br21e + B2 120)11e] — Valae}
FAfevilae + A3valae.

3. Characterizing the Externalities

3.1 Optimality Conditions

For type S, the optimality conditions are:
ailg_t = e Ptepo(N; — Iit — Rit) (%;_Rw + %) Xie(x5)”
+Aie (Boxtielie + Baxfielie)(N; — It — Rir) (8)

+NeBaxfielie(N; = Ly = Rie) =0, i=1,2,



oH

S
6xijt

— ppt [(Ni — Iy — Rit)6 <¢2 X
]

+ ¢2(N; — Ly — Ry )(N; — Iy — Rit)(xjsjt)a]

N; — iz — Ry

(i)

A Brx e i (N; = Iie — Rig) + N Boxjolie (N; — Iy — Rj) = 0,

jjt

Also, the ones for the co-state variables are,

a, __on

dt — al

i=1,2 i#]j.

= -\, [,Boxgtxi[it(Ni — 2l — Ryp) — (.leisjtx]!jt + ﬁzxisgtx]!it)ljt - Vi]

9)
—Ne(Bixiexlie + Boxfiexlie ) (N, — L — Rye) + Ay + e7Plc,
ark oH
= - =0.
dt OR;;
Transversality conditions are:
aCI)(IlTlIZT)
ir = ol A =0,
(10)
ark _ 0H 0
dt  0R;,

Note that, the externality of infectious disease is dynamic, represented by A}, and

they changes while the production/consumption externalities are essentially static and

affect the economy through equations (3).



Uniform Control

In the simple case where the authority can only control the activities of the residents

irrespective of their types, (2) is summarized by,
Boiit = BoCxue)?, Prije = BrxijeXjje, Bajie = BaXiitXjit
And (4) is rewritten as,
Xit = ¢c + PoNiXiie + G2 N; Xy
The maximand 1is,
T
V= fo e PE{N, [X1¢ (x116)7 + 0X5 (x120)7] — Iy
+ No[Xor (X220)° + 0X1¢(x21¢)7] — clpe}dt — P(lyy, Lrr)
(7) is rewritten to be:
H = e P{N;[X1;(x110)7 + 0X5¢(x12¢)7] — cly;
+ Np[Xo¢(x220)° + 0X1¢(x216) 7] — clpe}
AN l[Bo Cer1e)*Iae + (BiXiaeXaze + BaX11eX210) lae)(Ny — Iie — Rye)
—Y1l1e}
A5 l[Bo (220)* ae + (Bixz1eX11e + BaXazeX120) 1) (N2 — e — Rae)
— Yalzc}
+A%evilie + A5 vala

The optimality conditions are:

(2’)

(4’)

(6°)

()



0H
0xijt

$oN; O )
+ — ) X; (x;50)°
X Xiit it (i)

= e_ptNi(
+ M (2Boxiielie + Baxjiclje)(N; — Iy — Ryr)

+7\11'tﬁlxjit1it(Nj — I — Rjt) =0, i=1,2,

(8”)
oH ¢, N; g > o o
= e PL|N;0 +— | Xt (xi¢) + ON;N; (x5
= e (22T () + )
+7\§t.31xjjt1jt(Ni —lit — Ry) + }\]I'tﬁzxjjtlit(Nj — Iy — Rjt) =0,
i=12 i%#j.
Also, for the co-state variables,
dhe _ _OH
de ol
= —Me[Bo (i) > (N; — 21 — Rit) — (Bixijexjje + BaXueXjie) lje — Vi)
9)
N (Bixjiexiie + Boxjjexije)(N; — Iie — Rje) + Ay; + e Plc,
AR oH
———=o.
dt ~ oR;

3.2 Comparing to the Static Cases

Now, consider static and/or decentralized cases to compare to the conditions derived
in the previous subsection. First, characterize the nature of externality using a static
model. Suppose, for a susceptible, the probability getting infected depends simply on
his/her behavior:

PP = foxj + 77135{3' + x5, (11)



A self-interested resident maximizes the expected utility:
EUf = (1 - BO)[Xi(x3)" + 9)?](x;°’])6] +B[X ()" + 6)?j(xi5j)a —C] (12)

The first-order conditions are:

dEU? o _ o

5 —=—X(x3)" = Ao +7,)C =0,

Xii Xii (13)
0EU; o _

:_X.x$.6—~C:O, i=1,2, L #].
axisj xisj i( u) M J

Next, consider the command-optimum of a static model of this type. Suppose the
“actual” rate of infection, which takes into account the secondary or later infections, is
represented by 7s instead of #js:

If = P7S; = (noxi; + 771xisj +12x3)Si (14)

The plannner’s maximand is,

EVS = (S — 19)[x:(x3)” + 0X,(x3)°] + 15[X:(x3)” + 0x;(x5)” — €] (15)

The optimal conditions are:

OEVS S o
- —Sl( ‘+;)Xi(x5 7 — 8o +1,)C =0,

axli o Xi ii
OEV? ¢S, o o o
— =S50 —+— | X(x5) +¢S;S:(x5) —SmC=0, (16)

i=1,2 i#j.
The first term in the parentheses in each equation of (16) corresponds to
agglomeration economies and, without taking account such as in (13), activity levels tend

to be lower. The second term in the second equation as well as the last term in each



equation, which is higher than that of (13) in per-capita terms, illustrate the

externalities caused by the infectious disease. Without considering them, activities tend

to exceed the optimal levels.

3.3 Comparing to the Dynamic Decentralized Case

Moreover, consider the case in which the model is dynamic but decentralized. Suppose

that a resident decides the level of consumption irrespective of the externality he/she

causes. That is, he/she takes Xs, Is and Ss as given. Once infected in period t = 7, the

probability of getting recovered is y; in every period. Therefore, the expected loss is:

c
Yitp

T
Cir = f e~ PE=Do=vilt=7) gt = (1 — e_(Yi+P)(T—T)) (17)
T

Then, in each period 7, each self-interested resident maximizes:

T
vz = f =P[Ry (xZ,)" + 6% (x%,) |dt

T

—(ﬂogitl_itxisitxfit + ﬂlfitl_jtxisjtlejt + ﬁzgitl_jtxisitx}ir) (18)

1 — e~ ri+p)(T-1)
Yitp (1-e )

In the case of an uninfected resident (i.e., Z = S,) evaluating at T and differentiating

with respect to xs,

Vi

S
0xjip

o _ o c 7 C. T
_emzi&(mﬂ — (BoSicliexise + B2Sicljexfie)
22

(19)

e—pt(l _ e—(Y1+P)(T—T)) =0, i=12 i+#].
Yitp



avs o

it _ _—pt X 5\ & 7 o
=e P T ]t(xut) _ﬁlsitljtxjjt
ijt Xijt

e Pt (1—e ritPI-D) =0, i=1,2, i=#].
vitp

Comparing (19) to (8), one may find the differences that correspond to the ones found

in the previous subsection. Also, one can easily show that the last term in each equation
in (19) essentially correspond to As in (8). In words, the market (self-interested)
allocation tends to underestimate the role of activities when the agglomeration
economies matter but overestimate them when secondary and inter-regional infections

may occur. To correct for those externalities, the corresponding rate of charges or

physical restrictions such as lock-down are necessary.

3.4 Externalities at Steady State: Simplest Case
In addition, this subsection illustrates the steady state with a simple numerical

example. Consider, first, the following simplest SIS (discrete) setting in which ; = 5, =

Sit = —PoiiclitSic — Vilie
(20)
Iit = BoiielieSit — vilit,

10



Figure 1 depicts the changes in § and I when B, =0.3, x, = x};, =1 (without

iit
control,) and y; = 0.2 in each region. By (20), the (non-zero) steady state in which [;, =

0 is characterized by the following equation:

Yi
S =—oy 21
7 Boiie 1)

which equals 2/3 in the case of Figure 1. When the number of newly infected equals
the recovered, the steady state is achieved. When By;;; can be controlled, for example, in

the case of the “Uniform Control” in subsection 3.1,

Yi

he =Ni= g G (22)
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Figure 1: Simple SIS model without Control

Thus, around the vicinity of the steady state,

Al 2y

Axii — Bo(xi)?

Axl-l-. (23)

11



which corresponds to n, in the static case of subsection 3.2 and considerably large.

Inverse of (22) is,

1
2

= (2= (24)
Bo N; — I

*

which correspond to [ = 0 curve in the phase diagram of Figure (2). In addition, in this

particular case, for T — oo, (9) reduces to,

d\,  0H _
ac ol

—NelBoCxii)*(N; — 2Ii) —yi] + e Pic (25)
Replacing A}, with A, = e=Ptul,,

dul
dtlt =~ [Bo(xiie)*(N; — 21y — Ryp) —y; — pl + ¢ (26)

The curve for i =0 is drawn such as in Figure 2.
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N

Figure 2: An Example of the Phase Diagram around the Steady State
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Figure 3: No control, market and optimal paths

Illustrate the change in the steady state when the economy is already in the situation
characterized by (21) or in Figure 1. Consider, for simplicity, the cases in which T — oo,
&7, Ir) = ©, and ¢, = ¢, = 0. In the decentralized economy without travels (8 = 5, =
B> = 0,) the infected residents do not impose restrictions on themselves (x/;,=1) and the
condition in (19) reduces to:

U(Po(xgt)d_l - BOSitlitx{itﬁ =0. (19°)

Also, the optimal control at steady state maximizes the following with respect to (22):

e o __r
Vi _-fo e {¢0Ni(x“) C<Nl o(x;i)z)}dt

o)
_p ¢0 i\Xij ¢ i ﬁo(x;i)z :

13
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The curves in Figure 3 indicate the paths without control, decentralized control by
(19) and optimal control by (6”), respectively, for ¢ = 0.5, ¢, =1, c =15 N; =7, and

p— 0.
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Figure 4: With Travels (no control and controlled paths)

With travels, taking into account the symmetry, the steady state (21) changes to:

. Vi
Bo(xiie)? + BrXijeXjje + BaXiieXjie

Sit (27)
The planner need to control both x;s and x;;s so that to obtain an explicit solution
for the condition (6’) is somewhat difficult. Thus, this subsection considers the case in

which only x;;s, the travels, are controlled. Then, (6) is rewritten as:

V= f e Pt {oNs[1 + 6(x1)"] — I + boN[1 + 6(x3)°] — eI}t (28)
0

14



=~ GoMIL+ 00xi2)") = I+ BoM; 1+ 0Cc3)%] = )
Moreover, the decentralized behavior is characterized by (19). Figure 4 presents the
difference between the path controlled by (28) and the one without a control (the
decentralized -path coincides with the latter as x;; =1 is the solution for the above

parameter values.

3.5 Externalities at a Particular Point: SIR Case

When SIR is assumed, for By;; = 0.3 and y; = 0.2, the changes in S, I and R are
depicted such as the light-colored curves in Figure 5. Note that there is no longer a steady
state because recovered people are not to be infected again. Instead, there is a local
maximum of /. Again, (22) and (23) hold around the vicinity of the corresponding point.
Deriving the optimal paths is extremely difficult because no “steady state” in this case
and the optimality conditions in (8)-(9°) must be fully used.

Because [;; =0 when I; hits its maximum, this subsection considers the second-
best rule in which (27)-(28) are still applied for control. Then if the control starts when
I;; hits its maximum, the paths change to the darker ones in Figure5. Also, if the same
rule is applied form the beginning, the situation in Figure 6 is to occur and almost no

infection is to be seen in the second region.

15
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Figure 6: SIR Case (applied from the beginning)
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4. Conclusion

This paper has modelled the optimal and market level of consumption in an economy

with two regions when infectious disease may spread. Typical SIS and SIR dynamic

model is extended to characterize the two-region economy. The corresponding dynamic

optimal control problem has been set up and the Hamiltonian is presented. Self-

interested behavior ignores agglomeration economy as well as the negative externality

of the disease such as the secondary and later infections and results in under- or over-

consumption (activity) levels. In general, corresponding corrections such as charges or

regulations are required. Some simple examples are presented to illustrate the steady

state and local extremum of SIS and SIR models, respectively.

The possible extensions of this paper includes 1) a detailed simulation with optimal

control of xs, specifying the paths of As and using realistic estimates of the parameters,

2) considering a case in which the interaction between two regions appears in more

prominent way (e.g., two peaks,) and 3) identifying the optimal levels of regulations.
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